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Problem formulation Stokes-Brinkman Advection diffusion

Stokes—Brinkman equation

p —vAV+ X, K 'v+Vp=0 in Qx(0,T)
V-v=0 in Qx(0,7T)
v=vl"! on I'Vx(0,T)1<i<?2
v=0 on T x(0,7T)
1/— —pnp =0 on [y x (0,7)
v(,0)=vy in Q

| L
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Problem formulation Stokes-Brinkman Advection diffusion

Stokes—Brinkman equation

weak formulation

Find (v,p) € W(0,T) x Q(0, T) such that
0
E(v, z)oq +as(v,z) —bs(p,z) =0, te (0,T]
bs(z,v) =0, te(0,T]
(v(+,0),2z)o0 = (VO, Z)oo
holds true for all z € Vy, z € Q(0,T), where
V= {ve H'(Q)|vlo = v, I, =0}
Vo = {v e H(Q) | v|a\r,, = 0},
W(0,T) := H'(0,T; V*)nL*0,T; V),
Q(0,T) := LX(0, T; LA(2)).
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Problem formulation Stokes-Brinkman Advection diffusion

Advection diffusion equation

% _V.DVc+v-Ve=0 in Q x(0,T)
;TCF:O on F1X(07T)

C(',O) = (o in Ql

| L
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Problem formulation Stokes-Brinkman Advection diffusion

Advection diffusion equation

weak formulation

Find ¢ € W(0, T) such that

%(c,z)m1 +a4(c,z) =0, te(0,T]
(C('7O)az)0791 = (COaZ)O,Ql

holds true for all z € H* ().
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Problem formulation Stokes-Brinkman Advection diffusion

Advection diffusion equation

discretization in space

Consider
Vi :i={v, € C(1) | vylx € P2(K),K € Tp(21)}.
Find then ¢ € C}(0, T; V}) s. t. it holds for all ¢ € V)
dc
> (qp ¥+ k(v Vi) + (DVe, Vib)oo, +

KeTu()
(v : VC’ ¢)0791+

Z Tkhk(—DAc+ v -Ve,v-Vip)ox =0
KeTy ()

<C<'v 0)7 w)0791 = <C0> w)oﬂl‘
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Problem formulation Stokes-Brinkman Advection diffusion

Discretization in space

(M} + M3(vi) 220 1 Ay(vi)eu(t) =0, e (0,T]
Micn(0) = ¢}
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Idea Numerical solution Reduction by projection

Motivation

We want to solve
Sy(t) = Ay(t) + F(y(t))
y(0) = yo

with varying values of parameters, where y(t) € R" is
unknown and A € R™", F:R" — R", y, € R" are given.

Such problems arise in iterative algorithms for solving
optimization problems with differential equations as
constraints.
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Idea Numerical solution Reduction by projection

Motivation

We want to solve
Sy(t) = Ay(t) + F(y(t))
y(0) = yo

with varying values of parameters, where y(t) € R" is
unknown and A € R™", F:R" — R", y, € R" are given.

Empirical observation: The solution trajectories are often

approximately contained in a low-dimensional subspace
of R™.
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Idea Numerical solution Reduction by projection

Plan

Main idea: Because we do not need the full flexibility of R”",
we can instead search for the solutions in a subspace
having much smaller dimension ¢ < n.
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Idea Numerical solution Reduction by projection

Snapshots

Question:
How to find the low-dimensional supspace of R" which
approximately contains the trajectories?
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Idea Numerical solution Reduction by projection

Snapshots

Question:
How to find the low-dimensional supspace of R" which
approximately contains the trajectories?

One possibility:
Record snapshots y; := y(t;) € R" of a “typical” trajectory
at certain times t1, .. ., t,.. Then find an /-dimensional

subspace with smallest distance to the snapshots.
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POD Idea Numerical solution Reduction by projection

Proper Orthogonal Decomposition

Find an /-dimensional subspace, ¢ < n, with the smallest
distance to the snapshots:

Minimize .
> llyi = Pu(y)IP
i=1

such that

V € set of all /-dimensional

subspaces of R",

where Py denotes the orthogonal projection onto V.
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POD Idea Numerical solution Reduction by projection

Proper Orthogonal Decomposition

Find an /-dimensional subspace, ¢ < n, with the smallest
distance to the snapshots:

Better formulation: Minimize

ns

¢
J(Vi, ... ve) == Z yi — Z(yz',Vk>ka2

i=1 k=1

such that

vi,..., v, ER"

<V]‘,Vk> = 6jk> 1< ],k < L.
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POD Idea Numerical solution Reduction by projection

Numerical solution

by using the singular value decomposition
of Y= (y1]---[yn) € R™™

by using the eigenvalue decomposition
of K := ((yi, Yj))i,j € R"s*7s
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POD Idea Numerical solution Reduction by projection

Solution by singular value decomposition

Theorem (Singular value decomposition, ca. 1873)

Let Y € R™". Then there exist orthogonal matrices V € R""
and W € R™*" with

Y = VEWT,

where ¥ € R™™ is a (rectangular) diagonal matrix. The
diagonal elements are called the singular values. They are
nonnegative and given in descending order.

Then a solution of the optimization problem is given by
the first ¢ columns of V, when Y := (yi| - - - |y,,) € R"*"™
denotes the matrix of the snapshots.
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POD Idea Numerical solution Reduction by projection

Solution by eigenvalue decomposition

Consider the eigenvalue decomposition of K:
I =TDT* € R™*™.

Then the POD basis vectors are given by

u; .

1
= —Yt
Vv Dii

for1 <i<N,D; #0,withT = (t;|---|t,,) € R**™ and
the snapshot matrix Y := (y1| - - - |yu.)-
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POD Idea Numerical solution Reduction by projection

Approximation error

The approximation error is given by

g ¢
](vb s 7Vk) - Z HylHZ - ZO—I%’
i=1 k=1

where o; denotes the singular values of
Y=l lyn) € RT™.

Thus, the POD basis vy, . .., vk is ordered by importance.
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POD Idea Numerical solution Reduction by projection

Model reduction by projection

Letvy,...,v, € R" denote an orthonormal basis of a
low-dimensional subspace of R", / < n, and
let V, := (vq] -+ - |v¢) € R™*. We make the ansatz

y(t) == Vi (t),

with § € RY. The Galerkin projection is then given by

S0 = VIAV§(t) + VIF(V,3(1)),

in which the linear part is reduced (V] AV, € R*Y), but
the nonlinear one is not.
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DEIM Idea Selection algorithm Error estimate

Discrete Empirical Interpolation Method

[Chaturantabut, Sorensen (2009)]

The partially reduced order model is given by

%y(t) = VIAVy(t) + ViF(V/y(t),

y(0) = VeT Yo.
For example let F: R" — R" have the form

x flx)

Xp (x,)

where f:R — R.
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DEIM Idea Selection algorithm Error estimate

Discrete Empirical Interpolation Method

[Chaturantabut, Sorensen (2009)]

For example let F: R” — R" have the form
X fx)

Xy, (%)
where f:R — R.
To construct the reduced order model, we record

snapshots z; = F(y(t;)) € R", 1 <i < n; and determine a
POD basis uy,...,u; € R", k < n.
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DEIM Idea Selection algorithm Error estimate

Projection of the nonlinearity

Letuy,...,u € R", k < nbe a POD-basis and
set Uy := (uy]- - - [ug) € Rk,

Recall the partially reduced order model

d_ ~ ~
V() = VIAVy(8) + VEE(Viy (1)),
First idea: The equation

d_ ~ ~
M = VIAVy(t) + Vi UUGF(Viy (1))

should still be a good approximation, because U U] is the
orthogonal projection onto the span of uy, ..., u;.
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DEIM Idea Selection algorithm Error estimate

Projection of the nonlinearity

We search for a projection matrix Q € R"*" onto the span of the
optimal basis uy, . . ., ui, such that the nonlinearity
VIQF(Vsy(t)) can be evaluated efficiently. To define Qx

for x € R", we make the ansatz

Ure ~ x

where the coefficient vector ¢ € R¥ is unknwon. We can only
approximately fulfill a certain choice p1, . . ., px of the equations:

PTU,c ~ PTx

with P := (ep, |- |ep,) € R and U = (wy] - - [ug) € R™*k.

Then we set Qx := Uic = U (PTU;) 1P x € R".
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DEIM Idea Selection algorithm Error estimate

Reduced order model

Recall the partially reduced order model

%?(t) = V]AViy(t) + V. F(Viy (b)),

¥(0) = Viyo.
With the projection matrix
Q = Ux(P"Uy)'PT e R™"

we obtain the fully reduced order model

d_ - ~
V() = VIAVy(8) + Vi Ud(P U~ PTE(Vey(t))

?(0) = VeTY0~
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DEIM Idea Selection algorithm Error estimate

Selection algorithm

Input: orthonormal basis uy, ...,u; € R”
Output: selection matrix P such that
Uy (PTU,)~1PT is a good projection matrix

r =u.
p1 :=argmin |(r1);], P := (ep,) € R™¥1,
i=1,...n

I :i=up — ﬁ(PTtl)_lpTuz with l~l = (u1) € R,
p2 := argmin |(r2)], P := (ep, |ep,) € R™2.
i=1,...n
13 1= uz — U(PTU)'PTus with U = (uy|up) € R"™*2,
ps == argmin |(r3);], P := (ey,|ep,[ep;) € R™C.

i=1,...,n

andsoon...
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DEIM Idea Selection algorithm Error estimate

Error estimate

Theorem (Chaturantabut, Sorensen (2009))

For the approximation
F(x) := Ux(P"U;) "PTF(x)
holds the error estimate
IFG) = EG0ll < [I(PTU) ™2 [1(T — UL )F ()]l

Up to the constant ||(PTU,) ||, we have just the
consistency error

(T — Uk )F(x) 2 = Jmin, [|F(x) — V2.
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DEIM Idea Selection algorithm Error estimate

Error estimate

The DEIM algorithm garanties that PTUj is invertible. The
term ||(PTUx) |2 can be estimated by a constant, but the
bound is very conservative.
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DEIM II

DEIM in a general Hilbert space

We want to reduce a general nonlinear function
F:K—H

where K is an arbitrary parameter space and H is a
tinite-dimensional Hilbert space.

For example, we use H := R"*" for reducing the
advection diffusion equation.
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DEIM II

DEIM in a general Hilbert space

Record Snapshots zi, ..., z,, € H.
Calculate a POD basis uy, . .., ux € H by either
using the operator singular value decomposition of

R: H — H
x o 3R (%, )Rz

or using the eigenvalue decomposition of the matrix
K:= ((Z,‘,Z]‘)H),‘j € R™*7s,

Apply the DEIM algorithm to Z(uy), . .., Z(ux)
where 7: H — R" is a suitable isomorphism.
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DEIM II

Error estimate

Then we obtain the error estimate
IF(x) — FX) |l < 1274 1 (PTW) Y|z [|(T — WU Z(E(x)) o,

which depends on the isomorphism 7.
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