The generic model Nongeometric properties Affine schemes A systematic source A topos-theoretic Nullstellensatz




Fig.: The Event Horizon Telescope picture of the central black hole in the galaxy M87
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The mystery of nongeometric sequents

Let T be a geometric theory, for instance the theory of rings.

sorts, function symbols, re- sorts: R
lation symbols, geometric fun. symb.: 0, 1, —, +, -
sequents as axioms axioms: (T by yr xy = yx), ...

Z[X,Y,Z)/(X"+ Y" — Z") Oy
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Theorem. There is a generic model Ur. It is conservative in
that for any geometric sequent o the following notions coincide:

The sequent ¢ holds for Ur.
The sequent ¢ holds for any T-model in any topos.
The sequent o is provable modulo T.
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The mystery of nongeometric sequents

Let T be a geometric theory, for instance the theory of rings.

sorts, function symbols, re- sorts: R
lation symbols, geometric fun. symb.: 0, 1, —, +, -
sequents as axioms axioms: (T by yp Xy = yx), ...

Z[X, Y, Z]/(x"+ y"— Z0| Ok

Theorem. There is a generic model Ur. It is conservative in
that for any geometric sequent o the following notions coincide:

The sequent ¢ holds for Ur.
The sequent ¢ holds for any T-model in any topos.
The sequent o is provable modulo T.

Observation (Kock). The generic local ring is a field:
(x=0= L)F,r (y:Rxy=1)
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Construction of the generic model

The generic model is not the same as ...

m the initial model (think Z) or
m the free model on one generator (think Z[X]).
Set-based models are too inflexible.
Definition. The syntactic site Ct has ...
objects: {x;: X1, ..., %,: X,. ¢} (shorter: {¥X. ¢})
morphisms: eqv. classes of provably functional formulas

coverings: provably jointly surjective families

The topos of sheaves over Cr is the classifying topos Set[T].
The generic model interprets a sort X by k{x:X. T}.
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Working internally to toposes

Let C be a site. We recursively define

Ukl ¢ (“pholdson U”)
for objects U € C and formulas ¢. Write “Sh(C) = ¢” for 1 |= .

UET iff true
UE1 iff fatse the empty family is a covering of U
U':S:tZF iff S|U:t|U€F(U)
UEpAy iff UEpand U =9
UEpVy iff [L}=-er =T there exists a covering (U; — U);
such that for all i: U; = p or U; = ¢
UEp=19¢ iff forall V. — U: V = ¢ implies V = v
U EVs:F.p(s) iff forall V — U and sections s, € F(V): V = ¢(sy)
U 3s:F.p(s) iff thereexists-se-cF (A suchtimt T =7(%)
there exists a covering (U; — U); such that for all i:
there exists s, € F(U;) such that U; = ¢(sp)
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A selection of nongeometric properties

The generic object validates:
Vx,y: Up. == (x = ).
Vi, ..., %, Up. =Vy: Up. Vi, y = %
(UT)UT =~ 11 Uy.

The generic ring validates:

Vx: Up. == (x = 0).
Vx:Ur. (x=0=1=0)= (Jy: Ur.xy =1).
The generic local ring validates:
=Vx: Up. 7= (x = 0).
Vag, ..., a4, 1:Up. ==3x: Up. x"+ap_1x" 1 -+apx® = 0.
Let A = {¢:Ur|&® = 0}. For any map f : A — U, there
are unique elements a, b: Ur s.th. f(e) = a+beforalle: A.

A systematic source A topos-theoretic Nullstellensatz
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Let A be aring. Is there a free local ring A — A" over A?

A f R For a fixed ring R, the localization
CoTlel A= AlSTY with S = YR
. /\o&\ would do the job. (S is a filter.)
/ e

P Hence we need the generic filter.
ocC
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The free local ring over Ais A~ := A[F '], where F is the generic
filter, living in Spec(A), the classifying topos of filters of A.
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Let A be aring. Is there a free local ring A — A" over A?

A f R For a fixed ring R, the localization
CoTlel A= AlSTY with S = YR
PR would do the job. (S is a filter.)

o

'
. '1 Hence we need the generic filter.
oca.

The free local ring over Ais A~ := A[F '], where F is the generic
filter, living in Spec(A), the classifying topos of filters of A.

If Aisreduced (x" =0 = x = 0):
A~ isafield: Vx: A~ (-(Fy:A~.xy =1) = x = 0).

A~ has ——-stable equality: Vx, y: A~. 7~ (x = y) = x = y.
A"~ is anonymously Noetherian.
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A systematic source of nongeometricity?

Empirical fact. In synthetic algebraic geometry, every known
property of A' followed from its synthetic quasicoherence:

For any finitely presented A'-algebra A, the canonical map
A — (AHFoms(AAD o o (x s x(s))
is an isomorphism of A'-algebras.
Does a general metatheorem explain this observation?

Is there a systematic source in any classifying topos?
Is there even an exhaustive source?

—_ %—R
T proves « a holds for Uy a is T-redundant
= v
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A systematic source of nongeometricity?

A. Kock has pointed out [5 (ii)] that the generic local ring satisfies the nongeo-
metric sentence

Vi Vo (1A = 0) = Y Gy 5y = 1)

which in classical logic defines a field! The problem of characterising all the non-
geometric properties of a genheric model appears to be difficult. If the generic model
of a geometric theory 7 satisfies a sentence « then any geometric consequence of
7T+ (x) has to be a consequence of 7. We might call @ 7-redundant. Does the
generic T-model satisfy all 7-redundant sentences?

Gavin Wraith. Some recent developments in topos theory.
In: Proc. of the ICM (Helsinki, 1978).

Does a general metatheorem explain this observation?
Is there a systematic source in any classifying topos?
Is there even an exhaustive source?

— 4;:::::a<:::::::
T proves a holds for Uy a is T-redundant
_—— V
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A topos-theoretic Nullstellensatz

Theorem. Internally to Set[T]:
For any geometric* sequent o over the signature of T /Uy,
if o holds for Uy, then T /Uy proves* o .
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A topos-theoretic Nullstellensatz

Theorem. Internally to Set[T]:
For any geometric* sequent o over the signature of T /Uy,
if o holds for Uy, then T /Uy proves* o .
The algebraic Nullstellensatz. Let Abe aring. Let f, g € A[X]
be polynomials. Then, subject to some conditions:

(Vx € A. (f(x) =0 = g(x) =0)) = (3h € A[X].g = hf)

N J/ N J/

TV Vv
algebraic truth algebraic certificate
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A topos-theoretic Nullstellensatz

Theorem. Internally to Set[T]:
For any geometric* sequent o over the signature of T /Uy,
if o holds for Uy, then T /Uy proves* o .

The algebraic Nullstellensatz. Let Abe aring. Let f, g € A[X]

be polynomials. Then, subject to some conditions:
(Vx €A (f(x)=0=g(x) = 0)) — (Elh € AX].g= hf)

(& J/ N J/

algebraic truth algebraic certificate
A naive version. “Internally to Set[T], for any geometric se-
quent o over the signature of T, if ¢ holds for Ur, then T
proves o.” False, for instance with the theory of rings we have
Set[T] = —("T proves (TH1+1=0)")
but Set[T] j~ —(14+1=0).
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A varying internal theory

Theorem. Internally to Set[T]:
For any geometric* sequent o over the signature of T /Uy,
if o holds for Uy, then T /Uy proves* o .

Definition. The theory T/Ur is the internal geometric theory
of Ur-algebras, the theory which arises from T by adding:

for each element x : Ut a constant symbol e,,

for each function symbol f and n-tuple (x1,...,x,) € (Ur)" the
axiom (T F f(ey,...,e,) = ef(th’xn)),

for each relation symbol R and n-tuple (xi, ..., x,) € (Ur)" such
that R(xy, ..., x,) the axiom (T F R(ey,,...,ex,))-

Remark. Externalising the internal classifying topos Set[T]|[T / Ur]
yields the classifying topos of T-homomorphisms.
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Revisiting the test cases

Theorem. Internally to Set[T]:

A topos-theoretic Nullstellensatz

For any geometric* sequent o over the signature of T /Uy,
if o holds for Uy, then T /Uy proves* o .

In the object classifier. Let x, y: Ur. Assume that —(x = y).
By the Nullstellensatz T /Ur proves (e, = e, = L). But this is
false in the T /Ur-model Ur/(x ~ y).

In the ring classifier. Let f, g : Ur[X] such that any zero of f is
a zero of g. By the Nullstellensatz T /Uy proves this fact. Hence
it holds in the T /Ur-model Ur[X]/(f). In this model f has the

zero [X|. Hence also g([X]) = 0 in Ur[X]/(f), thatis g = hf for
some h: Ur[X].
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Exhaustion and extensions

Theorem. A first-order formula holds for Uy iff it is intuitionis-
tically provable from the axioms of T and the scheme

"o holds? = "T/Ur proves™ o . (Nullstellensatz)

Theorem. Let T’ be a quotient theory of T. Assume that Uy
is contained in the subtopos Set[T’]. Then internally to Set[T"]:

A geometric* sequent o with Horn consequent holds
for Up: iff T /Uy proves* o.

Theorem. The morphism ev is an isomorphism. & a
ev : FunctFormulas™(T/Ur)/(-+) — P(Ur) - ’
Theorem. A higher-order formula holds for Uy iff it is provable

in intuitionistic higher-order logic from the axioms of T and the

higher-order Nullstellensatz scheme.
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