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Summary

For any reduced ring A, there is a ring A∼ in a certain topos with
|=
(
∀x :A∼.¬(∃y :A∼. xy = 1)⇒ x = 0

)
.

This semantics is sound with respect to intuitionistic logic.
It has uses in classical and constructive commutative algebra.

A baby example

Let M be an injective matrix with
more columns than rows over a
reduced ring A. Then 1 = 0 in A.· · · · ·· · · · ·

· · · · ·



Proof. Assume not. Then there
is a minimal prime ideal p ⊆ A.
The matrix is injective over the
�eld Ap = A[(A \ p)−1]; contra-
diction to basic linear algebra.

Generic freeness

Generically, any �nitely gen-
erated module over a reduced
ring is free.
(A ring is reduced i� xn = 0 implies x = 0.)

Proof. See [Stacks Project].
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Motivating the semantics

A ring is local i� 1 6= 0 and if x + y = 1 implies
that x is invertible or y is invertible.

Examples: k, k[[X ]], C{z}, Z(p)

Non-examples: Z, k[X ], Z/(pq)

Locally, any ring is local.

Let x + y = 1 in a ring A. Then:
The element x is invertible in A[x−1].
The element y is invertible in A[y−1].
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The Kripke–Joyal semantics

Recall A[f −1] =
{ u
f n | u ∈ A, n ∈ N

}
. Let “|= ϕ” be short for “1 |= ϕ”.

f |= > i� >
f |= ⊥ i� f is nilpotent
f |= x = y i� x = y ∈ A[f −1]

f |= ϕ ∧ ψ i� f |= ϕ and f |= ψ

f |= ϕ ∨ ψ i� there exists a partition f n = fg1 + · · ·+ fgm with,
for each i, fgi |= ϕ or fgi |= ψ

f |= ϕ⇒ ψ i� for all g ∈ A, fg |= ϕ implies fg |= ψ

f |= ∀x :A∼. ϕ i� for all g ∈ A and all x0 ∈ A[(fg)−1], fg |= ϕ[x0/x]

f |= ∃x :A∼. ϕ i� there exists a partition f n = fg1 + · · ·+ fgm with,
for each i, fgi |= ϕ[x0/x] for some x0 ∈ A[(fgi)−1]

Monotonicity

If f |= ϕ, then also fg |= ϕ.

Locality

If f n = fg1 + · · ·+ fgm and fgi |= ϕ
for all i, then also f |= ϕ.

Soundness

If ϕ ` ψ and f |= ϕ, then f |= ψ.

Forced properties

A |= pA∼ is a local ringq.
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A universal property

The displayed semantics is the �rst-order fragment of the
higher-order internal language of the little Zariski topos.

1 2 3 4 5 6 7

8 9 10 11 12 13 14

1 2 3 4 5 6 7

8 9 10 11 12 13 14

1 2 3 4 5 6 7

8 9 10 11 12 13 14

The usual laws
of logic hold.

Every function
is computable.

The intermediate
value theorem fails.

Set EffShX

Is there a free local ring A→ A′ over A?

A

��

α // local
R

A′
local

local

99 For a �xed ring R, the localization
A′ := A[S−1] with S := α−1[R×]
would do the job.

Hence we need the generic �lter.
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Investigating the forcing model

Let A be a reduced commutative ring (xn = 0⇒ x = 0).

The little Zariski topos of A is equivalently
the topos of sheaves over Spec(A),
the locale given by the frame of radical ideals of A,
the classifying topos of �lters of A

and contains a mirror image of A, the sheaf of rings A∼.

Assuming the Boolean Prime Ideal
Theorem, a �rst-order formula
“∀ . . . ∀. (· · · =⇒ · · ·)”, where the
two subformulas may not con-
tain “⇒” and “∀”, holds for A∼ i�
it holds for all stalks Ap.

A∼ inherits any property of A
which is localization-stable.

A∼ is a local ring and a �eld.
A∼ has ¬¬-stable equality.
A∼ is anonymously Noetherian.

Miles Tierney. On the spectrum of a ringed topos. 1976.
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Revisiting the test cases
Let A be a reduced commutative ring (xn = 0⇒ x = 0).
Let A∼ be its mirror image in the little Zariski topos.

· · · · ·· · · · ·
· · · · ·


A baby example

Let M be an injective matrix
over A with more columns
than rows. Then 1 = 0 in A.

Proof. M is also injective as a
matrix over A∼. Since A∼ is a
�eld, this is a contradiction by
basic linear algebra. Thus |= ⊥.
This amounts to 1 = 0 in A.

Generic freeness

Let M be a �nitely generated A-
module. If f = 0 is the only element
ofA such thatM[f −1] is a freeA[f −1]-
module, then 1 = 0 in A.

Proof. The claim amounts to
|= “M∼ is not not free”. Since A∼ is
a �eld, this follows from basic linear
algebra.
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The Zariski topos and related toposes have applications in:

classical algebra and classical algebraic geometry
constructive algebra and constructive algebraic geometry
synthetic algebraic geometry (“schemes are just sets”)

Connections with:

understanding quasicoherence
the age-old mystery of nongeometric sequents
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Further reading

https://pizzaseminar.speicherleck.de/skript2/zariski-topos-klein.pdf
https://rawgit.com/iblech/internal-methods/master/notes.pdf
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Applications in algebraic geometry
Understand notions of algebraic geometry over a
scheme X as notions of algebra internal to Sh(X).

externally internally to Sh(X)

sheaf of sets set
sheaf of modules module
sheaf of �nite type �nitely generated module
tensor product of sheaves tensor product of modules
sheaf of rational functions total quotient ring of OX
dimension of X Krull dimension of OX
spectrum of a sheaf of OX -algebras ordinary spectrum [with a twist]
higher direct images sheaf cohomology

Let 0→ F ′ → F → F ′′ → 0 be
a short exact sequence of sheaves
ofOX -modules. If F ′ and F ′′ are
of �nite type, so is F .

⇐
Let 0 → M ′ → M → M ′′ → 0
be a short exact sequence of
modules. If M ′ and M ′′ are
�nitely generated, so is M . 9 / 6
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Synthetic algebraic geometry

Usual approach to algebraic geometry: layer schemes above
ordinary set theory using either

locally ringed spaces

set of prime ideals of Z[X , Y ,Z ]/(Xn + Yn − Zn) +

Zariski topology + structure sheaf

or Grothendieck’s functor-of-points account, where a
scheme is a functor Ring→ Set.

A 7−→ {(x, y, z) ∈ A3 | xn + yn − zn = 0}

Synthetic approach: model schemes directly as sets in a
certain nonclassical set theory, the internal universe of the
big Zariski topos of a base scheme.

{(x, y, z) : (A1)3 | xn + yn − zn = 0}
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