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1. Introduction

In 1948 Hendrik Casimir considered two parallel, perflectly conducting plates in vacuum at temper-
ature 7 = 0 and predicted an attracting force [14]. This force was experimentally verified in 1956
by DEeriaGuiN, ABrikosova and Lirsuitz [16] as well as in 1958 by Sparnaay [48]. The accuracy of
Casimir experiments has been drastically improved over the last decades and several experiments
claim to achieve a precision at the 1% level [33]. Experiments are usually carried out using a metallic
sphere and a metallic plate at ambient temperature. In particular, the plane—sphere geometry avoids
misalignments that render accurate meassurements in the plane—plane configuration difficult.

Since the Casimir effect is a manifestation of vacuum fluctuations in the mesoscopic world, it has
relations to many open physical questions. As the Casimir force is the dominant force between elec-
trically neutral bodies at micron or sub-micron distances, it plays an important role in the search for
new hypothetical forces predicted by unified theories like string theory [39]. Moreover, the Casimir
effect is linked with the theory of gravitation and in particular the cosmological constant. All energy
gravitates and thus zero point fluctuations are expected to contribute to the stress—energy tensor in
Einstein’s field equations [28]. In fact, several cosmological observations like the discovery of the
acceleration of the universe [46] suggest that the energy density of vacuum is non-zero, however, the
meassured value of the cosmological constant and the estimation due to zero point fluctuations differ
by about 120 orders of magnitude [22]. Also, Casimir forces are closely related with van der Waals
forces and may be interpreted as retarded van der Waals forces [31].

Many different theoretical approaches to the Casimir effect have been developed or revised in the last
decade: Experiments are usually compared with results obtained using the proximity force approxi-
mation (PFA). The PFA is an approximation that links arbitrary geometries to the simple plane—plane
geometry. Although no error estimates exist, the PFA is believed to become accurate when the sepa-
ration between the objects becomes small [18]. Further methods include worldline numerics [20, 37]
or approximations based on classical ray optics [29]. Yet another powerful method is the scattering
approach [32] which links the scattering operators in vacuum with the Casimir free energy.

Moreover, negative entropies are found for some geometries and parameters in the Casimir effect.
Negative entropies, for example, occur in the plane—plane geometry for metals described by the Drude
model. In addition, this effect also occurs in the plane—sphere geometry even for perfect reflectors,
thus suggesting a geometrical origin of negative entropies [36]. This is in general not a problem, since
the Casimir free energy is an interaction energy and does not describe the entire physical system [36].
However, the origin of negative entropies is not understood very well.

In this thesis, we will apply the scattering approach to the Casimir effect in the plane—sphere geom-
etry at finite temperature and study the effect of negative entropies for perfect reflectors. We will
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show that the Maxwell equations in vacuum are equivalent to the vector Helmholtz equation, present
the solutions to the scattering of plane waves at a sphere and a plane, and derive the matrix elements
of the scattering operator. This enables us to compare the proximity force approximation with exact
calculations. In the limit of large separations we will derive an analytical expression for the Casimir
free energy and study the origin of negative entropies. For low temperatures we investigate and com-
pare free energy and entropy with those obtained within the PFA. In the high temperature limit the
evaluation of the scattering formula becomes notably simpler, which enables us to study smaller sep-
arations and check various suggested expressions for the free energy. Finally, we investigate negative
entropies for arbitrary separations and temperatures. This will help us to gain a deeper understanding
of the effect of negative entropies.



2. Plane wave basis and multipole basis

In this chapter, we show that the Maxwell equations in vacuum are equivalent to the vector Helmholtz
equation. We introduce the plane wave basis and the multipole basis as solutions and derive the matrix
elements implementing the change from the multipole basis to the plane wave basis. But before doing
so, we first adapt the notation to our problem.

2.1. Notation

We adapt the notation of CanacuiER—DuranD et al. [10, 13]: By k we denote the projection of the wave
vector K = (K, Ky, K;) onto the xy-plane. The z-component K, of the wave vector, the projection of
the wave vector onto the xy-plane k and the frequency w are related by the dispersion relation

w? = (K; + K; + K2) = (K + K2). 2.1)

Thus K, is determined by the dispersion relation (2.1), the frequency w, and the direction of propaga-
tion ¢ = *1 in positive or negative direction of z. We denote the unsigned value of the z-component
of the wave vector by k., i.e. K, = +k, when propagating in positive direction of z and otherwise
K, = —k,. Similarly, we denote the vector (x, y,z) by R and the projection onto the xy-plane by r.

In conclusion, we define:

R=(x,y,2), r=(xy), r=x*+y? (2.2)
K = (keky gk:). k= (keky), k= JB+K (2.3)

2 2
Kz:gbkz:m/‘;)—z—k% ¢==+1, k w/%-1@ 2.4)

In a spherical coordinate system the wave vector K can be expressed as
W, .y Cn +
K = — (sin 6~ cos ¢, sin 6~ sin ¢, cos 67), 2.5)
c
where 6* and ¢ are polar and azimuthal angles in k-space. In particular, 6* depends on the propagation
of the wave in +z-direction. Sine and cosine of the polar angle 6* are related to w/c, k and k, by

k k
sing* = &, cos O = + % (2.6)
w w
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2.2. Maxwell equations in vacuum

In this section we show that in vacuum the electric and magnetic fields E and B obey the vector
Helmholtz equation. A more detailed discussion can be found in common textbooks [6, 27, 38, 49].

In vacuum the Maxwell equations are given by

V-ER,5H=0 V-BR,»H=0 2.7
0B

OE
VXER,f) = rn VxBR, ) = /10605. (2.8)

Applying the curl operator to the Maxwell-Faraday equation yields

9 & E
VX(VXE)=-—VXxB=- —. 2.9
( ) =% Ho€ (2.9)
On the other hand the vector identity V X Vx = VV — A yields
VX(VXE)=V(V-E)-AE = -AE. (2.10)
From (2.9) and (2.10) we see that the electric field obeys the wave equation
1 9
A-—=—]ER,? =0, 2.11
( > aﬂ) R, 1) @11

where ¢ = (upeo) /2

for the magnetic field as well and thus the electric field E can be replaced by the magnetic field B in

is the speed of light in vacuum. In a similar manner all steps can be carried out

(2.11). Electric and magnetic fields can be transformed into each other with use of (2.8):
i ic?
B(R)=-—VXxE ER)= —VxB (2.12)
w w

Since the wave equation (2.11) is linear, arbitrary fields can be composed of harmonic solutions.
Without loss of generality, we assume that the time dependence is given by e’ [6, 27, 49]:

ER,?) =ER) e BR,?) = BR) ™™ (2.13)
By doing so, the wave equation (2.11) becomes the vector Helmholtz equation
(A+K)ER) =0, (A+K)BR) = 0. (2.14)

We see that the Maxwell equations in vacuum are equivalent to the vector Helmholtz equation. As we
consider vacuum and thus a source-free region of space, the divergence of the electric and magnetic
fields E and B must vanish. For this reason, we are looking for solutions of the vector Helmholtz
equation with vanishing divergence. In the following sections, we introduce two solutions, namely
the plane wave basis and the multipole basis.
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2.3. Plane wave basis

The vector Helmholtz equation (2.14) represents a wave equation in every component of E. In a
Cartesian coordinate system, solutions to the Helmholtz equation can be constructed by superposition
of plane waves

ER) = f PPKAK) KR (2.15)

where A(K) is an arbitrary complex vector-valued function. Since the divergence of (2.15) has to
vanish according to (2.7), only two of the three components of the electric field E are independent and
the wave vector K is perpendicular to A:

V-E=0 & K-A=0 (2.16)

The absolute value of the z-component of the wave vector K, = ¢k, is determined by the dispersion
relation (2.1). Source-free solutions of the Helmholtz equation can thus be written in the form

E(R) = Z Z fdzk C¥¢’p(k)A ép ei(k’r+¢kzz)’ (217)

P ¢==1

where €, are orthonormal polarization vectors and A is a normalizing constant. In addition, we have to
sum over the two polarization vectors €, and the propagation directions ¢ = x1. The coefficients @
correspond to expansion coeflicients. The normalizing constant A is determined by the normalization
condition

w w

’ ’ ’ ’ ! ’ '
<k,(,l_) a¢ ’p |k,w’¢ap>:(Spp,6¢¢,6(k_k)6(c ?) (218)

The calculation of A is carried out in appendix B.1. So we arrive at the basis functions

é

_ €
(RIK,w, ¢, p) = Eg u,4p(R) = W

g‘ Qikrok2) (2.19)
ck;,

We still have to pick the two polarization vectors. The actual choice of the polarization vectors is not
unique, however, the divergence of (2.19) must vanish. Moreover, we demand the polarization vectors
to be orthonormal as this will simplify our calculations. We will choose the polarization vectors in
such a way that one basis function is transverse electric (p = TE), i.e., E, = 0 and the other basis
function is transverse magnetic (p = TM), i.e., B, = 0. This choice is well adapted for the reflection
of plane waves at a flat, planar and homogenous interface between dielectrics.

2.3.1. TE modes

We choose the polarization vector €rg so that the z-component E of the electric field vanishes. For this
reason, the z-component of the polarization vector &rg is zero. As the wavevector K is perpendicular
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to érg
ére - K = (érp)kx + (1)K, = 0, (2.20)

the polarization vector possesses only one independent component. The polarization vector is thus

given by
1 . —ky/k
ere = (re)y |~k /ky | = s C1E) x| ky/k | = s (€1E), €. (2.21)
y y
0 0

If we demand €rg to be a unit vector, the value of the x-component is determined up to a factor of +1.
We pick érg = €, and obtain

— — é‘f"

w ‘ kT H0k2) (2.22)
ck,

2.3.2. TM modes

We determine the polarization vector for the TM mode in a similar manner like for the TE mode.
From B, = 0 we find

Bk o™ (R) = N &, e KT+ (2.23)

where N is a constant. We are not interested in calculating N, because the constant will be canceled
when we normalize the polarization vector. With use of (2.12) we obtain for the electric field

Ekwgomm (R) = NV x &, e/*roka) (2.24)

where N is a new constant. The components of the curl operator act only on the exponential function,
because polar and azimuthal angles are defined in k-space. Calculating (2.24) and normalizing yields
érm = +&y. We pick the solution with the plus sign and obtain

&
(2m)3/2

Rk w,¢,p=TM) =

w ‘ kT +ek:2) (2.25)
ck,

In contrast to the TE mode, the polarization vector € depends on the polar angle and thus on the
direction of the propagation ¢.

2.3.3. Fourier transform

In order to obtain the matrix elements implementing the change from multipole basis to plane wave
basis, we need the Fourier transforms of the basis functions of the plane wave basis. The Fourier
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transforms are given by

’ ’ ’ a)/ A 7’ 1,/
(Klk,w,qb,p):,/@epé(k—k)6(l(z—¢kz), (2.26)
Z

where &, corresponds to the polarization vectors for TE and TM polarization.

2.3.4. Conclusion

We briefly outline the main results: The basis functions |K, w, ¢, p) are orthonormal

’ 4 ’ ’ ’ w (U,
<k , W ’¢ 9p |k,w’¢ap> = 6pp/6¢¢’ 6(k_k )6(2 - ?)9 (227)

and the source-free solutions of the vector Helmholtz equation can be expanded by

E(R) = Z f P’k ay (k) (RIK, w, , p) (2.28)
é.p
and
E(K) = Z f &K By ,K') (KIK, o, ¢, p) (2.29)
¢.p

using the plane wave basis.

The plane wave basis is well adapted to the homogeneity in space and time: The basis functions
Ik, w, ¢, p)y are eigenfunctions of the energy operator £ = ih% and of the momentum operators p; =
—ihdj, j € {x,y,2}:

Ek, w, ¢, p) = hw |k, w, d, p) (2.30)
pjlk,w, ¢, py = hK; K, w, d, p) (2.31)

2.4. Multipole basis

Besides the plane wave basis, the source-free solutions of the vector Helmholtz equation can also
be expanded in the multipole basis. The basis functions of the multipole basis are defined by the
frequency w, the total angular momentum £(¢ + 1), the z-component of the angular momentum m, and
the parity.
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According to Ref. [15] the basis functions of the multipole basis in k-space are given by:

(Ko, t,m M) = — 6(K - 1) Xm0, ¢)
w C
C ITAWR € Yem(6, )
= —0|K-— Og — 0 2.32
W' ( C)(e‘” ?" sing “’) N (2.32)
(K|, t,m,E) = — 6(K - ﬁ) Zen(9,9)
w C
Cc (I_), A é‘ﬁ Yé’m(aaw)
= —0|K-— 0 0 2.33
o ( c)(e" Y ‘”) NGy 239

The functions X, and Zg, are usually called vector spherical harmonics (VSH). The VSH are or-
thonormal on the unit sphere

[ PRX ) X R = [ PR 25, R)- 2o (R) = 610 5 (2.34)
f K X, (K) - Zpw (K) = 0, (2.35)

and arbitrary vector fields defined on the unit sphere can be expanded using VSH. Confusingly, several
different conventions for the VSH exist, for instance see Refs. [3, 4, 6, 35]. The VSH X¢,,, and Z;,, for
¢{=1,m=0and ¢ =2, m =1 are depicted in Fig. 2.1.

The multipole basis is well adapted to the isotropy of space: The basis functions of the multipole basis
are eigenfunctions to E, jz’ fz und P:

E|w,t,m, Py = hw|w, £, m, P) (2.36)
Yo, t,m, Py = B + 1) |w, €, m, P) (2.37)
J.\w, t,m, Py = him|w, £, m, P) (2.38)
Plw,t,m, Py = +|w, t,m, P) (2.39)

In the multipole basis the source-free solutions of the Helmholtz equation can be expanded by

{

EK)= > i D @tmp (Klw, b,m, P). (2.40)

P=EM (=1 m=-(

2.5. Matrix elements for the change of basis

The matrix elements for the change of basis from plane wave basis to multipole basis can be calculated
using their representations in k-space. For the change of a TE-polarized plane wave to an electric



2.5. Matrix elements for the change of basis

(¢) Re X516, ¢) (d) Re Z51(6, ¢)

Figure 2.1.: Real part of Xy, and Z;, for { = 1,m = 0 and ¢ = 2,m = 1. The red point
corresponds to the north pole, the solid lines to the equator, meridian and anti-meridian.
For m = 0 the vector spherical harmonics Xy, and Z;,, are real and independent of ¢.
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multipole wave we obtain
(k,w,+, TE|w',{,mE) = fd3K’ (k,w,+, TE|K')(K' | ', {,m,E)

c w W\ 0.Yem (0,¢)
= | K = ‘—6k’—k61{’¢k 5(1('——)“’—.
f o' ek, ( ) ( ¢ Z) sin@ V(€ + 1)

c
In order to evaluate the integral we change to spherical coordinates. The product of delta functions

2.41)

becomes
’ 5@ —6%)6(p" —p) 6(K' — & ’
5(K ~k) 6(K. ¥ k.) 5(1{' - ﬁ) - § (K -¢) 5(1{' - ﬁ) (2.42)
¢ & sin 6* ¢
and the integration variables are now K’, &, and ¢’. Inserting (2.42) into (2.41) yields
/ 1A A 2 , C w
k,w,+,TE|w',{,mE) = | dK'd0’d¢’K’“ sin§' — ||— (2.43)
W'\ |ck;
6O -65) (¢ —¢) (K — ¢ "\ B Ym (0. ¢
& sin 0 c /sin® Vel +1)

The integration of the angular part changes & — 6* and ¢’ — ¢, the integration of the radial part
yields the delta function ¢ (w/c — w’/c). After cancelling we arrive at

, c w W W\ 0¥ (0%, )
kow+TE|w, ¢, mE)=— . [|—|0|—— — | ———. 2.45
( | ) w’ ck, ( ¢ C) sin 0t VE(€ + 1) ( )

The derivative with respect to ¢ brings up a factor im and after exploiting the identity (2.6) k =
w/c sin 6* we finally obtain

, im w w O\ Y05, )
kK,w,+, TE|w,¢,mE)= — . [|—|5| — - — | —=—==. 2.46
( | ) k ck;, (c c ) {f+1) (2:49)

In a similar manner one finds for the change from a TE polarized plane wave to an electric multipole

wave
, ¢ ol (o o) Y, ¢)
k,w,+, TE| {, mM) = — ||| —|0| — — — | —=. 247
( | ) w \lck; (c C) € +1) ( )
The two remaining matrix elements are given by
K, w,+, M|, ¢, m,M) = —(k, w,+,TE| o', {,m,E), (2.48)
k,w,+, TM| ", €,m, Ey = (k,w, +, TE| ', {,m, M) . (2.49)

In this chapter we have derived the essentials for the description of the Casimir effect in the plane—
sphere geometry. The plane wave basis is well adapted for the propagation and the reflection at the
plane, while the multipole basis is well adapted for the reflection at the sphere. Before we apply the

10
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scattering formula to the plane—sphere geometry in chapter 5, we first study the reflection properties
of electromagnetic waves at planes and spheres in the next chapter, and apply the scattering formula
to the plane—plane geometry in chapter 4.

11



3. Reflection properties of metals

Most of the experiments probing the Casimir effect use metallic mirrors. In the last decades the accu-
racy of such experiments was drastically improved and for an accurate description it is thus essential
to use a realistic description of the reflection properties of the metals. The reflection properties of
metals are described in terms of the dielectric function e(w). In this chapter, we introduce the Drude
model that takes finite conductivity and plasma oscillations into account. We derive from the Drude
model the plasma model which neglects effects due to dissipation, and the model for perfect reflec-
tors that assumes perfect conductivity at arbitrary frequencies. Given the dielectric function e(w), we
present the solutions of the scattering of plane waves at a plane and a sphere.

3.1. Drude model

The Drude model is based on the assumption that the valence electrons are detached from the atoms
and can move freely within the metal. Although we consider a quantum mechanical problem, we
assume the electrons to be classical particles. We consider an electric field with harmonic time depen-
dence

E(?) = E(w) e, (3.1)

The electric field (3.1) will cause the electrons to accelerate. If we also assume that there is some kind
of linear dissipation, the velocity of an electron is described by

mev + ym,v = —¢eE, (3.2)

where m, is the (effective) mass of an electron and v is called relaxation frequency. The steady-state
solution is given by
v=—_° (3.3)
me(y — iw)
In an isotropic and linear medium electric field and current density are parallel with the factor of
proportionality given by the AC conductivity o(w). For the Drude model we find

nee?

me(y —iw) GH

j = c(wE(w) = —neev =

12
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where the AC conductivity is given by

2 2
c(w)= —2¢ -0 o0 = 0w =0) = X< (3.5)
my —iw) 1 mey
The Maxwell equations inside the metal read
0B OE
V-E=0, V-B=0, VXE =—-——, VX B = uoj + eopo——- (3.6)
ot ot
The electric field obeys the wave equation
V><(V><E)——V2E——2 +lﬁE = w—ze(w)E 3.7
- T Ta M T2 T2 ’ '
where the complex dielectric function e(w) is given by
2 2
w nee
=1-—L 5= 3.8
€w) w(w + iy) “r €M, (3-8)

If w > v, the metal becomes transparent for frequencies greater than the plasma frequency w,. A
more complete discussion of the properties of metals and the Drude model can be found in standard
textbooks of solid state physics like [2].

When studying the Casimir effect, we will perform a Wick rotation and change the axis of integration
to imaginary frequencies. The dielectric function is then evaluated at imaginary frequencies w = i€.
We are thus lead to study the dielectric function for imaginary frequencies. For imaginary frequencies
the dielectric function becomes a real-valued function

2

w
ei&) =1+ —L2—. (3.9)
&+
The high and low frequency limits are given by
w2
e(i&) ~ 1+ 5_5 for &>, (3.10)
wp
€(if) ~ % for &—0. (3.11)

3.2. Plasma model and perfect reflectors

The plasma model neglects effects due to dissipation and can be obtained from the Drude model by
taking the limit y — 0. The dielectric function at imaginary frequencies becomes

2

e(ig) =1+ % (3.12)

13
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4 106
1100 o
o
1 102
AT T BRI BT BTN 100
" 10 10® 10 10® 10 10"
&ins™!
Figure 3.1.: Drude and plasma model with parameters wp = 1.32 - 109571, y =

6.90-10"3 s7! corresponding to silver [23]. The upper solid line corresponds to the plasma
model, the lower solid line to the Drude model. The dashed lines correspond to the low fre-
quency approximation of the Drude and plasma model. The dielectric functions for Drude
and the plasma model are plotted together with the approximations (3.11) and (3.13) for
imaginary frequencies.

and corresponds to the high frequency limit of the Drude model. In other words, Drude and plasma
model agree for frequencies & > y. The low frequency limit & < wp is given by

2

. Wp

In Fig. 3.1 we show the dielectric functions of the Drude and plasma models and its approximations

for imaginary frequencies.

The model of perfect reflectors can be obtained from the plasma model by taking the limit wp — oo.
The dielectric function (i) = oo is infinite at arbitrary frequencies.

3.3. Fresnel coefficients

The Fresnel coeflicients are the reflection and transmission coefficients for an incident plane wave at a
flat, planar and homogenous interface between dielectrics. In particular, we will consider a vacuum—
metal interface at z = 0. The Fresnel coeflicients are obtained by solving the boundary value problem
at the interface. TE- and TM-polarization are well adapted to this boundary value problem and the
reflection of a plane wave yields

|ka w, _¢7 p)ref = rp((’-)7 k) |k’ w, ¢’ p)in . (314)
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3.3. Fresnel coefficients

The subscript “in” denotes the incident wave, the subscript “ref” the reflected wave. The frequency
w, the wave vector in the xy-plane K, and the polarization p = TE, TM remain constant during the
scattering, but the direction of propagation changes. The reflection coefficient is given by the Fresnel
coefficient r,,.

The Fresnel coefficients at imaginary frequencies w = i€ are [27]

. -B : €(i&) - p
_ e R o .1
rre(i€, k) Y rrm(ié, k) O p (3.15)
with the abbreviation
€@) -1
= 4/1+ 3.16
B cos2 % (3.16)
Because of the dispersion relation
2 2
2 _ W 2 3 2
kz—g—k _—C—z—k, (3.17)

the z-component of the wave vector k, also becomes imaginary for imaginary frequencies. For this
reason, we define

)
k, = ik, K= 1/—2+k2, (3.18)
c

where k € R. The relations (2.6) become

k
sinf* = —i cosf* = £+ (3.19)
3 &’

and we can express 3 in terms of &, k and €(if):

B= \/1 +— [e(ié) — 1] (3.20)

The Fresnel coefficients for perfect reflectors are obtained by taking the limit € — oo. The coefficients
become

’perf P 3.21)

~I'1E

and are independent of ¢ and «.

The properties of the Fresnel coefficients for low frequencies deserve a careful analysis for Drude and
plasma mirrors. For ¢ — 0 the parameter S becomes in the Drude model

2
w —
gomde — |1y 25 P20, (3.22)
k(€ +7y)
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3. Reflection properties of metals

The dielectric function diverges for & — 0 and the Fresnel coefficients become

lim /Prude = lim /Rrude = 1. 3.23
s}_{% TE ) gl_r%rTM ( )

For Drude mirrors we see that the Fresnel coefficients become universal and independent of the par-
ticular properties of the metal for ¢ — 0. However, this is not true for the plasma model. In the plasma
model the parameter S becomes

2 2
lasma _ / Wp ¢-0 Wp
ﬁp asma. _ 1+ W = 1+ W (324)

“p
. plasma __ B 1+ 22 . lasma __
lim 7™ = ————=, lim 2. 0"™ = 1. (3.25)
0 1+ 41+ i 0

c2k?

In contrast to the Drude model, the Fresnel coeflicient for the TE mode is not universal and still
depends on « and wp in the plasma model. For this reason, the limits £ — 0 and y — 0 do not

interchange:
2
VR Y it A
lim lim AD0de = Jim Pme - Y hc (3.26)
£—-0y—-0 £-0 w2
L+ 1+ 35
lim lim 2% = 0 3.27
y—0&-0 TE ( )

However, the limits ¢ — 0 and wp — oo do interchange:

. . plasma _ . erf _
lim lim rpg™ = lim e =-1 (3.28)
2
w
. . plasma _ . -1+ cszz _
lim limrg " = lim ————— = -1 (3.29)
wp— () wp—00 w2
L+ 41+ 55

This means that there is no continous transition for the TE-Fresnel coefficient from the Drude to
the plasma model. As a consequence, there is neither a continous transition from the Drude to the
plasma model, nor a continous transition from the Drude model to the model of perfect reflectors in
the Casimir effect. More precisely, we will see that the high temperature limits for perfect reflectors
and Drude mirrors differ by a factor 2.
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3.4. Mie coefficients

10 S — :
1033 - — as(ix) _
1022 _ ---- approx. for y <1 _
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R
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Figure 3.2.: The Mie coefficient a3(iy) with approximations. For small arguments the
behaviour is polynomial, for large arguments it is exponential. The Mie coefficient covers
about 80 orders of magnitude in the range 10™* < y < 10%.

3.4. Mie coefficients

Mie scattering describes the scattering of electromagnetic waves by a sphere. The Mie coefficients for
complex frequencies w = i¢ are given by [6, 10, 13]

2@ _ ((b) @ _ (0

. TS, ¢ . Sy ¢
ac(ix) = s ————7> be(ix) = 5 ————, (3.30)
2 nzsi,c) - si,d) 2 si,c) - si,d)

using the abbrevations

) = L1200 Ues1 jp(mx) = il jp(x)] 5

) = Kea1 1200 1 2(nx) = ey ja(ny)]
(3.31)

s;a) = Lev12(mx) es1 200 = xle-1200] Si’b
s = Lo (o) [Ken 200) + xKee1 2001, s

where n = +/e is the refraction index of the sphere, and y = &éR/c. The properties of the modified
Bessel functions /,(x) and K, (x) are briefly described in appendix A.4. We also want to point out that
the Mie coefficients are independent of k and m, which is a consequence of the rotational symmetry.

We obtain the Mie coeflicients for perfect reflectors by taking the limit e — oo and find

1 —xI,-
a?erf(i/\/) _ E(_l)f*'l e+17200) = X Le—172(x) ’ (3.32)
2 CKey1200) + x Ke—12(0)
. Iev172(x)
bperf — T 1! . 3.33
¢ @ 2( ) Kev12(x) 639

For low frequencies éR < c, the Mie coeflicients a; and b, can be simplified using the approximations
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3. Reflection properties of metals

of the Bessel functions (A.21)

2¢+1 20+1
perf _ perf (X perf _ jperf (X
oy (5 Bt (5] (3.34)
where
a(l+1
& = (-1)f (1+7) Bt = (-1 il (3.35)

F(€+%)F(£+%)’ F(€+%)F(€+%)'

For high frequencies £R > c, the Mie coeflicients can be approximated using (A.22)

- 2 > 2 2
o (A0t e belip) ~ (1) (3.36)

ac(ix) 2+ 0) 2 2

We see that for low frequencies the Mie coefficients show polynomial, and for high frequencies ex-

ponential behaviour. Fig. 3.2 shows the Mie coefficient a3 along with its high and low frequency
approximations.
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4. The scattering formula in the plane—plane
geometry

In his original paper of 1984 [14], Casimir considered two parallel, perfectly conducting plates in
vacuum at temperature 7 = 0 and found an attracting force due to vacuum fluctuations. Before we
investigate the Casimir effect in the experimental more relevant plane—sphere configuration in the
next chapter, we first apply the scattering formula to the much simpler plane—plane geometry. We will
rederive Casimir’s famous formula, and also derive expressions for lossy Drude metals at nonzero
temperatures. However, this chapter is not only of educational value, but we will use the results in
chapter 7 for the description of the plane—sphere configuration in the proximity force approximation
(PFA).

We consider two parallel plates which are infinite in the x- and y-directions and separated by a dis-
tance d. The lower plate is labeled as plate 1, the upper plate is labeled as plate 2. We also assume
that the plates are thick enough to be considered as a bulk. This way, we may describe the dielectric
function by the Drude, plasma or perfect reflectors model, and the reflection coefficients are given by
the Fresnel coefficients. However, we will only consider Drude and perfect mirrors here.

4.1. Round-trip operator

The scattering approach is described in many publications with different focus on geometry, finite
conductivity and temperature [10, 11, 13, 25, 32, 34, 44, 45]. The Casimir free energy is given as a
sum over the Matsubara frequencies w,

/ 2nnkg T
F = ksT Y Indet D(w,). W, = ""hB , (4.1)
n=0

where D is the scattering operator and the primed sum indicates that the n = 0 term is weighted by
1/2. The configuration is time-invariant, thus the frequency w is preserved during scattering processes
and the scattering operator is block diagonal with respect to w. The scattering operator is related to
the round-trip operator M by

D(w) =1 - M(w). “4.2)

The round-trip operator M consists of the reflection operator at plane 1, the translation operator from
plane 1 to plane 2, the reflection operator at plane 2, and the translation operator from plane 2 to
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4. The scattering formula in the plane—plane geometry

A~ 2
|kap7 _> ‘k7p7 +>

|k7p7 _> ‘kapa +>

TN O RRX
! k,p, — \\\ zzz k, p, +)

1
Figure 4.1.: The matrix M describes a round trip within the cavity: O The reflection on
plane 1 yields the Fresnel coefficient r,, @ the translation from plane 1 to plane 2 yields
a phase factor ¢’:4, 3 the reflection on plane 2 yields another Fresnel coeffient r,,, and @
the translation back to plane 1 yields a second phase factor e’
plane 1
M=T1 2R T21R:. 4.3)

The operator M thus corresponds to one round trip within the cavity. In a way, the scattering operator
P can be interpreted as the difference between doing a round trip and not doing a round trip [10]. The
reader might note that the round-trip operator is only unique up to cyclic permutations. However, it
follows from SYLVESTER’s determinant theorem

det (1 — AB) = det (1 — BA) (4.4)

that the free energy ¥ is invariant under permutations.

The translation and the reflection operators of the plates are diagonal in the plane wave basis, because
its basis functions are eigenfunctions of the momentum operator. The reflection of plane waves at a
plane preserves the transverse wave vector and the polarization, but changes the direction of propaga-
tion:

R K, p,+) =0 Ro 1K, p, +) = ' (0, k) | K, p, =) (4.5)
Ri 1K, p, =) = 1 (w,k) | K, p, +) Ry |k, p, =) =0 (4.6)

The coeflicients are given by the Fresnel coefficients r,(w, k). For the sake of simplicity, we assume
that both plates have identical optical properties and set r), = rg,l) = r;z)

to different Fresnel coefficients causes no problems. The translation operators are also diagonal in the

. However, the generalization
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4.2. Free energy

plane wave basis
Toc1 1K, p.9) = €k p.¢). Tic2 |k p.¢) = |k p.¢), 4.7

and yield a phase factor dependent on the direction of propagation.

We now derive the matrix elements of M in the plane wave basis. The round-trip operator acting on
a plane wave propagating in upward direction yields

MIK, p,+) = Ti2RoT21R1 1K, p, +) = 0. (4.8)
For a plane wave propagating in downward direction, we find
Mk, p,=) = TicaRaTarc 1R |k, p. =) = ri(w. k) 2% |k, p,-). (4.9)

We see that the round-trip operator is diagonal in the plane wave basis. The transverse wave vector
and the polarization remain spectators within a round trip. The round trip is illustrated in Fig. 4.1.

4.2. Free energy

As the round-trip operator is diagonal in the plane wave basis, the determinant is given by the product
of the diagonal matrix elements. Thus the product is given as a sum

Indet D(w) = In | [ (1= r2e?™) = > In(1 = r2e?™) (4.10)
k.p k,p

over the polarizations p = TE, TM and the wave vectors

2rnyy
kyy = ,
Lyy

Ny € Z. @.11)

Eq. (4.11) can be deduced using box quantization and L,, L, correspond to the lengths of the plates
in x- and y-direction. When the area A = L,L, of the plates tends to infinity, the summation over the
wave vectors becomes dense and we can replace the sum by an integral [50]

A A o 2 A [
= fdzk - f dkkf dgy = —f dkk. (4.12)
(2n)? 2m?% Jo 0 21 Jo

k

The Fresnel coefficients as well as the phase factor depend on & only and therefore the integration over
@i yields 2. The logarithm of the determinant of the scattering operator simplifies to an integration
over k

In det D(w) = 2A_n fo ) dkkn](1 = e (1 = 2y o) @.13)
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4. The scattering formula in the plane—plane geometry
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Figure 4.2.: The Casimir free energy for different temperatures for a) perfect reflectors
and b) Drude metals. The values of the parameters for the Drude model are wp = 1.385 -
10'%s7!, y = 5.54 - 10'3s7! and correspond to gold. The dashed lines correspond to T = 0
for perfect reflectors in both plots.

The integral (4.13) is an oscillatory integral and hard to evaluate numerically. As the integrand is
analytic in the upper complex half-space [19], we can change the axis of integration according to
Cauchy’s integral theorem to imaginary frequencies w = i&, where ¢ € R. We will use the definitions
k, = ik and k = +/&2/c? + k? that we have introduced in section 3.3. This Wick rotation changes
w — i€ and k, — ik in (4.13). After the Wick rotation, the free energy at finite temperature can be
written as

kT
i 3 Z L/ dexIn[(1 = pre) (1 =pra)],  pp(&,K0) = 1y (i, k) e, (4.14)

The integrand is now damped by an exponential factor which ensures fast convergence of the integral.
The Fresnel coeflicient r;, depends on the dielectric function €(i&) of the metal. Eq. (4.14) has a wide
range of validity: We have made no assumptions on the reflection coefficients r,. The dielectric func-
tion may be given by the Drude or plasma model, the model of perfect reflectors or from experimental
data. We will consider Drude and perfect mirrors in the following sections.

4.3. Perfect reflectors

For perfect reflectors integral (4.14) can be computed analytically. The Fresnel coefficients for perfect
reflectors are given by rry = —rrg = 1. After substituting ¢ = 2«d the free energy becomes

erf kT
@ B = Zf drein(1 - ™) (4.15)
47Td wd/c
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4.4. Drude mirrors

and the integral can be evaluated in terms of the polylogarithms Li, and Li3

T =il 3 i (o) o 2y 2. (@16

A short description about basic properties of polylogarithms can be found in appendix A.5. As the
Matsubara frequency is proportional to nT, the argument of the polylogarithms becomes small for
high temperatures. For small arguments the polylogarithms may be approximated by Lig(x) ~ x. In
the high temperature limit the contributions to the free energy become negligible for n > 0 and we
find for the free energy

rf
Tir _ ksTZ(3)
A 8nd?

for Ar < 2nd, 4.17)

where ( is the Riemann zeta function, £(3) = Liz(1) = 1.20206, and Ay = #ic/(kgT) is the thermal
wavelength. For temperature 7 = 0 the sum becomes dense and we can replace it by an integral

kBTZﬁhfooo % (4.18)

This integral can also be evaluated analytically and we find Casimir’s famous formula

perf
TT:O _ 7T27’LlC

= - ) 4.19
A 72043 (4-19)

This expression is remarkable as it only depends on fundamental constants like the Planck constant
7, the speed of light c, and the separation between the plates d. In particular, this result seems to
be independent of the fine structure constant @. However, this is just an artefact of the idealized
description of the metals as perfect reflectors [28].

In Fig. 4.2 a) the Casimir free energy for perfect reflectors dependent on the separation d is plotted
for different temperatures. The dashed line corresponds to the zero temperature limit. For small
separations the free energy coincides with the zero temperature limit. In general, the absolute value
of the free energy increases with increasing temperature.

4.4. Drude mirrors

Real metals show a more complicated behaviour. The qualitative effect can be understood by a simple
argument. Due to finite conductivity, electromagnetic waves are able to penetrate the metal. This effect
is known as skin effect and the penetration depth ¢ is called skin depth. The skin depth increases the
effective distance between the two plates to deg ~ d + 25. Thus we expect the absolute value of the
Casimir free energy to be smaller for Drude metals than for perfect mirrors. Small separations of
the plates correspond to high temperatures and thus high frequencies at which the mirrors become
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4. The scattering formula in the plane—plane geometry

transparent. The penetration depth becomes large and the free energy deviates from the result for
perfect mirrors [28].

For high temperatures it is sufficient to consider only the n = O term. In this case the Matsubara
frequency is & = 0 and the Fresnel coefficients become rtg = 0 and rryv = 1. Then (4.14) can be
solved analytically and we obtain

Far _ ksTL(3)
A 16nd? °

(4.20)

which differs by a factor 2 from the result for perfect reflectors. This is a consequence of the different
behaviour of the Fresnel coefficient for the TE mode: For Drude mirrors the reflection coeflicient is
rre = 0, while it is rrg = —1 for perfect mirrors.

Fig. 4.2 b) shows the free energy for Drude mirrors dependent on the separation d for different
temperatures. The dashed line corresponds to the zero temperature limit for perfect reflectors. For
small separations the free energy differs from the zero temperature limit for perfect reflectors because
of plasma oscillations.

4.5. Entropy

The entropy can be derived from the free energy by

oF

S =-=
oT

4.21)
While the entropy is non-negative for perfect reflectors, we find negative values of the entropy in the
Drude model over a wide separation distance range and for not too high temperatures. Fig. 4.3 shows
negative entropies dependent on temperature and separation in the Drude model. We will delay the
discussion of the physical implications of negative entropies and come back to this question in chapter
10. We just notice at this point that parameters for which the entropy becomes negative exist in the
plane—plane geometry for Drude mirrors.
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4.5. Entropy
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Figure 4.3.: Negative Casimir entropy dependent on temperature 7' and separation d in the
Drude model in the range 11K < 7" < 499K and 0.01um < d < 20um. White areas in this
range correspond to positive entropies. While we find parameters for which the entropy is
negative, the third law of thermodynamics is not violated as S (7" — 0) — 0. The material
parameters in this plot are those of gold: wp = 1.385-10'%s7!, y =5.54-10"3 57!
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5. The scattering formula in the plane—sphere
geometry

In this chapter, we apply the scattering formula to the plane—
sphere geometry. The plate is located at z = 0 and assumed
to be infinite in the xy—plane. The center of the sphere is
located above the plate at z = L+R = £, where R is the radius
of the sphere and L is the distance between the plate and the
sphere. The geometry is shown in Fig. 5.1. Moreover, we
assume plate and sphere to be thick enough to be considered
as bulk.

We derive the matrix elements of the scattering operator in
the multipole basis and perform a Wick rotation. The free
energy 7 depends on the temperature, the reflection proper-

ties of the plate and the sphere, the sphere’s radius R and the
separation L. We study the contribution to the free energy
for the Matsubara frequency & = 0 in more detail, because Figure 5.1.: Sphere of radius R and plate
the numerical evaluation causes problems. Given the free Separated by a distance L with center-to-
energy ¥ (L, T), we can derive the force F' and the entropy S plate distance £ = L + R.

from

0F oF
F=-—or. S = (5.1)

We follow the reasoning of Duranp et al. [10, 13] to derive the matrix elements of the round-trip
operator. However, we want to be more rigorous and explicit in our line of argumentation. Although
equivalent, our matrix elements will differ from those of DuranD et al. and avoid Wigner (small)
d-matrix elements. Moreover, the matrix elements have symmetries that can be exploited to decrease
computational effort.

The Casimir effect in the plane—sphere geometry contains five length scales: the geometrical scales
L and R, the thermal wavelength Ay = %ic/kgT, the plasma wavelength Ap = 27c/wp, and the wave-
length A, = 2nrc/y associated with the finite conductivity of the metals. We scale the quantities
involved and show that only four length scales are independent. In particular, the free energy for
perfect mirrors depends only on the temperature and the ratio of L and R: ¥ = ¥ (T, L/R). In the last
section, we give a conclusion and present the results of this chapter in condensed form.
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5.1. Round-trip operator M

5.1. Round-trip operator M

In the plane—sphere geometry, the round-trip operator consists of the translation operator from sphere
to plane 7p.s, the reflection operator at the plane Rp, the translation operator from plane to sphere
T s—p, and the reflection operator at the sphere Rs:

M(w) = Rs(w)T spP(w)Rp(w)T pes(w) (5.2)

The round-trip operator represents a round trip within the cavity. Except for the temperature, M
contains the whole information about the physical system: The separation L of sphere and plate affects
the translation operators 7sp and 7p.s, the radius R of the sphere and the reflection properties of
the sphere enter the reflection operator Rs, and the reflection properties of the plane enter Rp.

Before we express the round-trip operator in the multipole basis, let us first take a closer look at the
symmetries of the plane—sphere configuration: The configuration is time invariant, so the frequency w
is preserved during a round trip. Moreover, the geometry is invariant under rotations around the z-axis
and the round-trip operator M commutes with the angular momentum operator J.. Therefore, the
round-trip operator M is block-diagonal with respect to m and each block M yields an independent
contribution to the free energy

F = kBTi i Indet [1 - M™(w)]. (5.3)

n=0 m=—o0

The conservation of m is discussed in more detail in appendix B.2.

5.2. Round-trip operator in multipole basis

We want to express the matrix elements of M in the multipole basis. The multipole basis is well
adapted to the rotational symmetry around the z-axis and M is block diagonal with respect to m. Al-
though infinite, the rows and columns of the round-trip matrix are countable. The round-trip operator
in the multipole basis reads

M(m)

1Pyt o) (@) = (L1 m, PLRsT s pRpTpes | £2,m, P2) . (5.4)

When acting on plane waves, the translation operators yield phase factors

Tees |k, p,¢) = ek p,¢), Tseplk p,¢) = ¢k p,¢), (5.5)
that depend on the direction of propagation. The reflection operator at the plane yields

Re |k, p,+) =0, Re |k, p, =) = rp(w,K) K, p,+), (5.6)

where r,, is a Fresnel coefficient.
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5. The scattering formula in the plane—sphere geometry

Let us insert the identity operator in the plane wave basis in (5.4) and evaluate the propagation from
sphere to plate:

MG p@) = f ke Ll m, Py IRsTspRe |k, p, @) (k, p, ¢ | L2,m, P2y (5.7)
p’¢

The reflection operator R, yields only a nonvanishing term for waves travelling in downward direction.
Therefore, the sum over ¢ has only one contribution for ¢ = —1 and the reflection operator introduces
the Fresnel coefficient r,. The evaluation of the translation operator yields another phase factor and
we find

MG @) = f Ak rp(w, k) 5L (L, m, Py IRs |k, p,+) (k, p, = la,m, Pa). (5.8)
p

By inserting the identity operator in multipole basis, we get

00 4

(€&m PIRs [k, +,py= > > > (&m, PIRs |€,m/, P)(C,m', P’ K, +, p)
'=1m'=-" PP=EM

=, m,P|Rs|t,m,P)y{t,m,P|Kk,+,p). (5.9

The operator Rs is diagonal in the multipole basis with matrix elements proportional to the Mie
coefficients a, and b,. The matrix elements of Rg are given by

<€a m’ElRS |£9 m, E> = _2Cl[((1)), <€a m, MlRS |€7 m, M) = _2b5(w)’ (510)

where we have used the definition of Borren and Hureman for the Mie coefficients ay, by [6]. The
reader finds a discussion of the origin of the factor —2 in appendix B.8. We also want to point out that
the Mie coefficients only depend on ¢ and the frequency w, but not on m or k.

In conclusion, we find for the matrix elements of the round-trip operator

M @ = f &k rp(w, k) %L (6, m, Py | Rs | &1, m, Pr)
p=TE,TM

X (€1, m, P1|Kk, p,+){k, p,— | {2, m, P2) (5.11)
and organize the round-trip matrix as a block matrix:

MP(EE)  MU(E, M)

(5.12)
MD(ME)  M™(M, M)

M(m)(a)) — (

Eq. (5.11) has a simple interpretation when read from right to left (cf. Fig. 5.2):

@ (K, p, — | {2, m, P): The multipole wave |£,, m, P,) is decomposed into plane waves.
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5.3. Matrix elements in multipole basis

Figure 5.2.: Visualization of the components of the matrix elements of M in (5.11). Plane
waves are used for propagation and reflection at the plate, multipole waves are used for
the reflection at the sphere. (cf. [10])

@ e™L: The plane waves [k, —, p) propagate the distance £ towards the plate. The propagation

yields a phase factor e*£.

@ rp(w,K): The plane waves [K, p, —) are reflected at the plate. The reflection preserves the wave
vector k and the polarization p, but changes the direction of propagation. The reflection coeffi-
cient is given by the Fresnel coefficient 7).

@ e™L: The plane waves [k, +, p) propagate the distance £ towards the sphere.

@ (€1, m, P1 |k, p, +): The plane waves |k, +, p) are decomposed into multipole waves |1, m, Py).

@ (€1,m, P1|Rs | €1, m, P1): The multipole waves are reflected at the sphere. The reflection pre-

serves the polarization, the total angular momentum and the z-component of the angular mo-
mentum. In conclusion, the quantum numbers ¢, m and P, are preserved.

5.3. Matrix elements in multipole basis

In this chapter, we derive explicit matrix elements for the scattering matrix. We substitute the spherical
harmonics in the matrix elements performing the change of basis (2.46)—(2.49) by associated Legendre
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5. The scattering formula in the plane—sphere geometry

polynomials:
eimgo ck eimt,o
Ym0, 0) = Ny P (cos 6°)—— = Ny, PV (i—z) — (5.13)
" e V2r T w ) Vo
e'my ck ck,\ ™
09Yem(6F, ) = Ny, P7 (cos 6F)(— sin %) —— = ——N,,, P}’ (J_r—z) — (5.14)
0L {m mt p ,—27( w mX g w '_271'

Descriptions of the properties of spherical harmonics, associated Legendre polynomials, the phase
convention we use, and the normalizing constant Ny, can be found in the sections A.1 and A.2 of the
appendix. As the geometry is invariant under rotations around the z-axis, the matrix elements become
independent of ¢. An integration over ¢ yields 27 and the matrix elements are given as an integral

over k
ME, Eyye, = A" an (@) [AY) 1) + BY) ()] (5.15)
MM, M), =AY b, () [AL") (@) + B ()] (5.16)
ME, My, = AL ar (@) [CF) 1) + D) (@), (5.17)
MM, E)ye, = =AY be, () [C) (@) + DY) ()] (5.18)
where we have defined the prefactor
A —_ 2NewNew [ @O+ D QG+ D (G = m)! (L = m)! 5.19)
0T O + DOl + 1) (6 +m)! (Lo +m)! (6 + 1) 66 + 1)
and the integrals
00 2
(m) - mw 2k £ pm Kz om [ Ckz
AP (@)= fo dk— T rp(w, k) e Pfl(w)sz( —~. (5.20)
00 313
(m) — 'k’ |w 2ik. L pm’ ck ’ k
Bfrlnfz,P(w):L dkF k—Z rp(a),k)el~ P'El (ZZ)PZ (—ZZ 5 (521)
cm (@) = “dk imck w (w, k) 2ik. L pm C_kz pn’ _C_kz (5.22)
nop = ) 0 || e w\Q e \" o) :
D I di imck |w &) 2k L pm ck; pr ck, 593
t,lfz’p(a))= | _a)2 k_z rp(w, k) e 8 el L el B (5.23)

The Mie coefficients a¢, by are placed in front of the integral, because they are independent of k. The
reader is warned that the absolute value functions are important to account for evanescent waves: We
integrate over k for a fixed value of w. The absolute value of the z-component of the wavevector is
given by k, = \w?/c? — k% and becomes imaginary for k > w/c. Moreover, in the next chapter we
perform a Wick rotation and therefore w will also become imaginary.
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5.4. Wick rotation

5.4. Wick rotation

In an analog manner to the Wick rotation in the plane—plane geometry in section 4.2, we rotate the
axis of integration to imaginary frequencies. This Wick rotation changes w — i€ and k; — ik in the
integrands and the matrix elements of the round-trip matrix become

M"E, )y, = AL a0, (€) |AY), 15&) + BY') 1(©)] (5.24)
MM, My, = A b, (i8) [AT) 10(©) + BY 10(©)] (5.25)
MONE, M), = AL ar, (i) [CY) 10(€) + DY) ()] (5.26)
MM, E)ye, = =AY be, G€) [C) 10i(€) + DY) 106 (5.27)

with the integrals
2 00
m) m¢ [ s om (K€ om [ KC
AP (&) = Tfo dk —rpig, k) e *Lpy (E)Pg2 (_?)’ (5.28)
3 00 3
(m) _ C . 2L om’ [ KC\ om s KC
By, &) = EL dk? rp(i&, k) e Py (E)sz (_E) (5.29)
m) imc (% k. 2l m [KS\ oms [ KC
cl @) = —F ), dmisbe wLpy (E)P€2 (_?)’ (5.30)
(m) _ imc [  k . 2l emr [KS\ om [ KC
Dcl[25p(§) = —? . dk;l"p(lf,k)e 2 LP[[ (E)sz (—E) (5.31)

The integrals are damped by an exponential function which ensures fast convergence. The argument
of the associated Legendre polynomials is given by «c/é > 1. The Legendre polynomials can be
generalized to arguments greater than unity by analytic continuation. However, for odd values of m
the analytic continuation is only unique up to a phase factor +1. Nonetheless, when multiplying two
associated Legendre polynomials (or their derivatives) of the same order m, the phase factor cancels.
Thus the values of the integrals are independent of the choice of the phase factor. A brief discussion
about the analytic continuation can be found in appendix A.2.

Although the matrix elements of the round-trip operator look different than those of DuranD et al.
[10, 13], the matrix elements are equivalent. In appendix B.4 we proof this equivalence for the matrix
element M(T"é)

manner.

(E, E)¢,¢,. The proofs for the remaining matrix elements can be carried out in a similar

5.5. Properties of the scattering matrix

In this section, we show useful properties of the scattering matrix and its matrix elements. We will
show that the determinant of the scattering matrix is real and that the matrix elements can be written
in terms of real quantities. Moreover, we investigate symmetries among the matrix elements that can
be exploited to decrease computational effort.
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5. The scattering formula in the plane—sphere geometry

5.5.1. Determinant of the scattering matrix

All quantities in the integrands of (5.28)—(5.31) are real except for the associated Legendre polyno-
mials. The product of two associated Legendre polynomials or their derivatives for the same degree
m are either real or pure imaginary for arguments x > 1. In appendix A.2 we show that for x > 1

PP (0P} (x) € R, P/ (0P (x) €R, P7 (0P} (x) € iR. (5.32)

Hence, the block matrices AZ’?Z and BE,’I’?Z are real, while M (E, M) and M"(M, E) are pure imagi-
nary. With (B.14) we can write the scattering matrix with real matrix elements

1 - M(E,E)  ~Im| M™(E, M)]

det D' = det .
Im[M™(M,E)] 1 - M"™ (M, M)

(5.33)

From this it follows immediately that the determinant is a real number. As the energy is a real quantity,
it follows from a physical point of view that the determinant must be positive as well. However, we
have not prooven the last point.

5.5.2. Symmetries

The prefactor Ag,’l”gz is invariant when interchanging £; and £,. Using this symmetry together with the
parity of the associated Legendre polynomials (cf. (A.10)), one can show that

A(m) — (_1)51+€2A(m) (m) — (_1)f1+sz(m) D(m) — (_1)51+t’2+1 C(m)

Olp 66,p° Oly,p 66.p° 66.p 001,p° (5.34)

By exploiting these relations, it is sufficient to evaluate N>+N integrals for a block matrix M (P, P»)
of dimension N instead of 2N? integrals. If we consider perfect mirrors, the Fresnel coefficients are
given by rrv = —rrg = 1 and integrals for different polarization p = TE, TM differ only in sign

Xe,6,7E = —X¢,6,,T™, (5.35)
where X = A, B, C, D. Therefore, for perfect mirrors we just have to evaluate (N> + N)/2 integrals.
When changing from m — —m the prefactor A can be expressed as

-my _ 1 +m (O +m)! o

0t~ 6y —m)! (L —m)! " 06’ (5.36)
and the integrals (5.28)—(5.31) as
(=m) (6 —m)! (L —m)! ) 53
=+ , 37
0t = EG T m (6 +m)l 0l (5-37)
with + for X = A, B and — for X = C, D. Indeed, we see that
ASx = AP X (5.38)

6t 06 06706
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5.6. Scaling

Hence, the diagonal blocks of the round-trip matrix are invariant for m — —m while the nondiagonal
blocks change sign:

MU(EEY  —M"(E, M)

M) =
MMM E)  M"™(M, M)

(5.39)

However, the determinant of the matrix D is invariant for m — —m which is shown in appendix
B.3. The summation over m in the formula for the free energy can thus be limited to non-negative
values of m by weighting every term but m = 0 with a factor 2, and therefore the free energy becomes

o/ oo/

F = 2kBTZ Z Indet [1 - M™(&,))|. (5.40)

n=0 m=0

Exploiting the properties of the scattering matrix we found in this section will help to significantly
reduce the computational time in a numerical implementation.

5.6. Scaling

In this master thesis, we are more interested in effects due to geometry and temperature than in effects
due to finite conductivity and dissipation of the mirrors. For this reason, we will mainly consider
perfect reflectors in the next chapters. In the case of perfect reflectors, only two length scales are
independent. We change over to dimensionless units, thereby simplify the equations and get rid
of one length scale. The free energy is then determined by the temperature 7 and the ratio L/R:

F=F{T,L/R)

We introduce the scaled quantities:

- —— T k=rLk dk=Ldk, &k=Lx= N2T2+k2 (5.41)
C C

We also define dimensionless quantities for &, wp and 7:

g =5t 7, op = 2L, y= £ (5.42)
c c c
The Mie coefficients are now evaluated at
nTR
V=— 543
X=-7 (5.43)
Changing over to dimensionless quantities, the free energy becomes
. TS ~
F == > Indet[1- M"@nT)] (5.44)
Vg
n=0 m=0
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5. The scattering formula in the plane—sphere geometry

with the integrals

AP (nT) = m? nT fo "k kl—K (i, B e P (niT) P (—niT) (5.45)
c f) = —% fo Tk % (& By e P (%)PZ ‘ (—%) (5.47)
D (nT) = —% fo " dk f ro(GE ) e X P (%)P? (—niT) (5.48)

We now drop the tildes and label quantities meassured in SI units with a subscript “SI”.

5.7. Matsubara frequency ¢ = 0

The argument of the associated Legendre polynomials in the integrals (5.45)—(5.48) diverge for the
Matsubara frequency n = 0. However, the limit nT — 0 exists and the contribution to the free energy
is finite. In this section, we assume that the Fresnel coeflicients r, are independent of k for nT — 0.
We have seen in section 3.3 that this assumption is valid for perfect reflectors and Drude mirrors.

As the argument becomes large, we may approximate the associated Legendre polynomials by (A.15)
and (A.16). We conclude that the integrals scale as

~ ()"0~ DI~ (nT) T, (5.49)

(m) —l1—6r+1 (m)
A ~ (nT) 1= s B 162,p ~ 66a,p

016,p t16,p

and the matrix elements of the round-trip operator scale as

MUNE, E)e e, ~ M™(M, M)g,e, ~ (nT)11 712, (5.50)

MME, Mg e, ~ M™(M, E)ye, ~ (nT)1 724, (5.51)
The main contribution to the free energy comes from the integral Bg:)t,z, all other integrals are at
least one power of nT greater and therefore smaller than BZ’,){,Z. For this reason, we may neglect the
integrals A%}z’p, CZ’?M and Dg:?z,p' Moreover, the scattering matrix becomes block diagonal, because
the nondiagonal blocks M"(E, M) and M (M, E) only depend on Ci’??z,p and DZ"[)M.

The integral an)é’z , can be evaluated analytically and we find for the matrix elements of the diagonal
blocks

O +0+1 (1—
(m) A lm) m)  _ =m) £-0 perf (R nT R
MOE By~ A aq Bl g = S0 i e (7)) () (5.52)
(1+0r+1 10>
— -0 ,perf (R nT R
MM, My, = A by, B 1= 20 A0 e (Z) ( - ) : (5.53)
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5.8. Conclusion

where we have defined

20 _ A (=D QD1 20)! (61 + 6)!
G = hb 20Ol (0 — 1)1 (6 — D6 —m)! (L —m)!

(5.54)

perf
20
appendix B.5. We see that the diagonal matrix elements are finite, while the matrix elements vanish

The prefactors a;,, and b?eorf have been defined in (3.35). The calculation of BE’T)@ » is carried out in

beneath the diagonal and diverge above the diagonal. However, the determinant is finite in the limit
nT — 0. This is proven in appendix B.6.

For perfect reflectors the Fresnel coefficients are rry = —rtg = 1 and we find for the logarithm of the
determinant of the scattering matrix

Indet D" = In det [1 - M™(E, E)] + In det [11 - M™Mm, M)] (5.55)

with the matrix elements

( ) f 0 ( ) perf R f1+[2+1
m §-0 _ | =(m -~
MOE,ENT = 45 b (1:) , (5.56)
) 50 (m) ,pert R O1+6r+1
m sV _ _mln _
MO, MY = 200 5 ( L) (5.57)
In the Drude model the Fresnel coefficients are rrg = 0 and ry = 1 for € — 0 and we obtain
Indet D™ = Indet[1 - M"(E, E)| (5.58)

with matrix elements of M (E, E) identical to (5.56).

5.8. Conclusion

In this chapter, we have expressed the matrix elements of the scattering operator in the multipole
basis and derived explicit expressions. We have both simplified the scattering formula and the matrix
elements, changed over to scaled quantities, and investigated the symmetries of the matrix elements
as well as their behaviour for & — 0. For the sake of clearness and for reference, we want to collect
the important results of this chapter.

The free energy is given as a sum

oo/ oo/

F = ;Z Z Indet [1 - M™(nT)], (5.59)

n=0 m=0

where the round-trip matrix is organized as a block matrix

MM(EE)  —Im [M<'">(E, M)]

M™(nT) =
Im|M™(M,E)| M (M, M)

(5.60)
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5. The scattering formula in the plane—sphere geometry

The matrix elements of the block matrices are given by

ME,E)ey, = N an, (i) AL 1) + By 1O
MM, My, = A by (i) [A7, 1@ + BYY, (6]
ME, M), = A ar ()| CF 1:(©) + DI @]
MM, B,y = =N be, (€) [CY7) 1,&) + DY) 1€

with the integrals

00 1 X B
(m) — 2 . )
Aoty = [ ko> By ()P (<),

B™ (nT)= — AT (e, ky e 2 pn (L) pmr (2 £
hb.p T3 J k P O \pr) 2\ nr)’
im

k K K
(m) _ . -2k pm 7/
Cé’lfz,p(nT) =—-— j(; dk - rp(ié, k) e Pl’: (—)sz (——) s

(m) _ im 00 k . ok [ K n K
DKIKZ’P(nT) - _n_T f() dk ; rP(l‘f? k) e Pfl (ﬁ)Pg2 (_n_T) .

For ¢ = nT = 0 the logarithm of the determinant of the scattering matrix is given by
Indet D™ = Indet |1 - M™(E, E)| + Indet [1 - M"™ (M, M)

with the matrix elements

R)fl+€2+l

(m) 50 _ 50 =(m) perf (1%
M (E’ E)flfz - rTM =16 afl,O (‘E

(m) 50 _ 50 =(m) ;perf 5
M (M7 M)flfz - rTE =10 bé’l,O (L

’

)€1+[2+1

(5.61)
(5.62)
(5.63)
(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

In the limit & — 0 the Fresnel coefficients become rry = —rpg = 1 for perfect reflectors, and rry = 1,

rrg = 0 for Drude mirrors.
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6. Numerical issues

The numerical implementation of the Casimir effect in the plane—sphere geometry is a challenging
task. The main problem is the competing demands on the numerical implementation: stability and
performance. On the one hand, the numerics is supposed to be stable over a wide range of parameters.
On the other hand, the implementation is supposed to be fast in order to obtain results in tolerable
time.

Luckily, we do not have to reinvent the wheel, but we may profit from the experience of CANAGUIER—
Duranp [10]. In this chapter, we will focus on the problems that are either not covered by CANAGUIER—
Duranp or that we have solved in a different way.

6.1. Truncation of the vector space

For the implementation one has to truncate the dimension of the scattering matrix O to a finite value.
This means that we only take multipole waves up to a moment £y« into account. As the scattering
matrix consists of four block matrices, its dimension is thus 2€max X 2€max-

From a physical point of view it is reasonable that for values of £, high enough the value of the free
energy converges. This is argued qualitatively in Ref. [10]. It turns out that for smaller separations

10 — . . . . . . . . o . . . . . . . . - 10°

1072 L 4 1072

4107 1 1107
—— L/R=1.00 —— L/R=1.00
—— L/R=0.50 —— L/R=0.50
106 L — L/R=020 1l — L/R=020 1 1076
—— L/R=0.10 —— L/R=0.10

—— L/R=0.07
1078 L . .

— L/R =007

1

2

@T=05

2

L R L R 10~8
n

(b)T =10

Figure 6.1.: Accuracy of the free energy as a function of the coefficient . We show the
achieved accuracy for several separations L/R fora) T = 0.5 and b) T = 10. (. = 20)

37



6. Numerical issues

more multipole moments are needed in order to obtain the same accuracy. For this reason, we define
a coefficient n and determine £y« by

R

Cmax = UZ- (6.1)

Fig. 6.1 shows the dependence of the accuracy on 5. The accuracy is defined by

A |FD=F @ — ) F @) —F(re)

~ fi c , 6.2
F — o) F1o) or e > 11 ©2)

and corresponds to the deviation from the exact result. Fig. 6.1 reveals that the accuracy A depends
exponentially on 7. Also, the accuracy depends only weakly on the temperature and for a chosen
value of 7 the accuracy becomes better for smaller separations. To obtain an accuracy of 10~ one has
to choose 1 = 6 for separations L/R < 0.2.

6.2. Modified Bessel functions and Mie coeflicients

The definition of the Mie coeflicients a,, by involves modified Bessel functions of the first 1,(x) and
of the second kind K, (x). We briefly outline the ideas of CaNaGUIER—DuranD [10].

The modified Bessel functions for half-integer indices obey for £ > 2 the recurrence relations (cf.
(A.20))

(20 = DI,y (%) (20 - DK,_1 (x)

If+%(x) = 15_%()6) S Kf.;.%(x) = K[_%(x) +

(6.3)

With the initial functions

2 2 inh
I1(x) = /= sinhx, I = \/—(coshx— i x), (6.4)
2 X 2 X X
= [l N 1)
K%(x) = 2xe , K% =\ (1 + x)e , (6.5)

the recurrence relations can be exploited to calculate the modified Bessel functions. This procedure

works fine for K, 1 (x), however, it is unstable for /,, 1 (x). The subtraction of two almost identical
numbers is numerically ill-conditioned and causes a loss of significance. The recurrence formula
for 1,, 1 (x) contains such a subtraction which renders this method unusable for the calculation of

I[%(x).

The function /1, 1 (x) can be computed by a downward recurrence relation

1 -1
@ = < (K y 0+ fre) 0K 0] (6.6)
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6.3. Integration

where

Jee1(x) = i) = 2 1 =lanaas,.. “r
2 I€+%(x) + @4_

is a continued fraction with coefficients

a, = M (6.8)

X

Eq. (6.6) has the disadvantage that the accuracy of f,, 1 cannot be improved in an iterative way: if the
accuracy is unsatisfactory the calculation has to be repeated from the beginning. However, f,, 1 can
be transfered to

le(x) — [al,a2,...,aN] — [al] : [aZsal] Tees [an'-'9a2sal] (69)
t+3 laz] - [az,az] - ... - lan,...,a3,42]

and the continued fraction can be computed up to the desired accuracy.

Given the modified Bessel functions, it is easy to compute the Mie coefficients. The Mie coefficients
are evaluated at the argument y = nTR/.L which only depends on n. For a given value of n > 0 it is
thus sufficient to compute the Mie coefficients ay, ..., a¢,, and by, ..., bg, once and store the results.
For this reason, the time needed to calculate the Mie coefficients is negligible compared to the total
computational time.

6.3. Integration

For the numerical evaluation of the integrals we first perform a change of variable. We substitute

2 2
x =2 - 2nT, k = 1/% +nTx, K=§+nT, dx :—kdk (6.10)

and obtain
A trbm ~ " " X
Ay = O Te™ | dxx2+2mpa (1+ )P (1+;), 6.11)
Or+m+1 e T 00
(m) _ (_1) , , X
Bé’lfz,p_—T3 f(; dxrye e (x? +2tx) Py, (1+ )Pm (1 ;), (6.12)
. (_1)€2+me—‘r 00 ~ )
City = im—— | dxrpe XP;ﬁ(H )Pm (1+ ) (6.13)
(m) L1+6p+1 ~(m)
D = (-nirerict (6.14)

where we have introduced the abbrevation v = 2nT and used the parity of the associated Legendre
polynomials (cf. (A.10)). The integrals have now the form fooo dx f(x)e™* and we can use Gauss-
Laguerre quadrature. Gauss-Laguerre quadrature is a Gaussian quadrature with weighting function
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6. Numerical issues

W(x) = e~*. The integral can be evaluated by

00 N
f dx f(x)e™ = Z wif(xx) + Ry, (6.15)
0 k=1
where wy are Christoffel coefficients
1
Wy = (6.16)

(N + DLy () Ly+1 ()

and Ly(x) are Laguerre polynomials [1]. The remainder is given by

R N) € [0, ). 6.17

v = (ZN),f (©), ¢ € [0,00) (6.17)

In particular, if f(x) is a polynomial of degree p, Gauss-Laguerre quadrature becomes exact for p <
2N — 1. The Christoffel coefficients can be precomputed or copied from tables like [1, 43].

We now show that for perfect reflectors f(x) is a polynomial. The reflection coeﬂicients of perfect
reflectors are mere numbers rty = —rrg = 1. For m = 0 only the integral Bg bop is nonzero. In this
case the associated Legendre polynomials become ordinary Legendre polynomials which are polyno-
mials. As derivatives of polynomials are also polynomials, the integrand consists of polynomials and
the exponential function and thus f(x) is a polynomial. For m # O we can transform the integrals

(6.11)(6.14) to

T 00
G imlf dxry e+ 200 PO (14 Z)PEY (142), 6.18)
0 T
(_1)€z+le—r ) B .

[(52—m+1)1>§,’"jl( ;)—(52+1)(1+ "1+ = )] (6.19)

oy —T
m . (=1)2e
Cfﬂ)z,l? = 2m-1

x| =m+ P, (14 2) = @ (1420 (142
)P
)

Lm dxe™ r, (x* +27x)™" 1P(m)(l + j
x| —m+ P2, (14 2) - @+ (14 2P (142, (6.20)

where we have used (A.6) and (A.8). By P}'(x) we denote the associated Legendre polynomial of
degree £ and order m, whereas by

P (x) = fcy)

(6.21)

=X

we denote the m-th derivative of the ordinary Legendre polynomial of degree £. We thus see that f(x)
is also a polynomial for m > 0. For this reason, Gauss-Laguerre quadratue can be used to compute
the integrals exactly.
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However, in the numerical implementation we use a different approach. The integral

f dxx"e™ =n! (6.22)
0

can be calculated analytically. If the coefficients of the polynomial f(x) are known, the integrals
(6.18)—(6.20) can be calculated by

00 00 N N
d F= | dxe™® k= k!. 6.23
j(; xf(x)e j(; xe chx ch ( )

A look at (6.18)—(6.20) reveals that f(x) consists of three polynomials f(x) = fi(x)f2(x)f3(x). First,
the coeflicients of the polynomials fi, f> and f3 must be determined and afterwards the three poly-
nomials must be multiplied. On the one hand, the coefficients can be determined using (A.13) and
(A.14), however, this is not very efficient. On the other hand, the polynomial multiplications are done
by a naive algorithm instead of the faster Karatsuba or Schonhage—Strassen algorithm. For this rea-
son, the integration takes up a considerable part of the total computational time and is thus a good
candidate for further optimizations.

6.4. Matrix elements

Due to the Mie coefficients and the integrals, the matrix elements may become very small or very
large. This is a very challenging numerical problem for two reasons: The matrix elements must be
computed and stored, and the algorithm that calculates the determinant must handle an ill-conditioned
matrix whose entries differ by hundreds of orders of magnitude. Fig. 6.2 shows two examples of
ill-conditioned matrices.

Modern computers use the IEEE 754 standard [24] for floating point computations. The standard
defines arithmetic formats with single (32 bits) and double precision (64 bits). A double can represent
numbers in the range from 4.94 - 1073%* to 1.80 - 10°°®. However, this is not sufficient for small
separations. We present here three different solutions that all have been implemented in the numerical
program.

6.4.1. Using logarithms

The idea of this solution is to represent matrix elements by its logarithms. This way we drastically
expand the range of representable numbers. In doing so, we also increase the holes between repre-
sentable numbers. However, numerical tests show that this raises no computational problems.

The logarithm of a negative number is complex. As we want to use real numbers, we have to store the
sign separately. So, we represent a number a by

a = (=1)*In|al, (6.24)
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Figure 6.2.: Two scattering matrices for L/R = 0.02 and different values of T, n and m.
The matrix elements in a) differ by more than thousand orders of magnitude, in b) by
more than hundred orders of magnitude. In a) the Matsubara frequency is &; = 0.1 and
the matrix elements scale similar to the & — 0 case. For this reason, the condition of the
matrix can be improved by multiplying each matrix element with a factor (nTR/ L)~
(cf. section 5.7, in particular eqgs. (5.52) and (5.53)). The structure of matrix b) is more
complicated and no simple transformation that improves the condition is known. The red
line on the diagonal in b) corresponds to the identity matrix, D = 1 — M.



6.4. Matrix elements

where s, = sgn(a). A major drawback of this method is that we cannot use basic arithmetic operations
like addition or multiplication anymore. Multiplication of two numbers a and b becomes trivial, as it
becomes an addition

ab = (=1)*** (In|a| + In|b|) . (6.25)

The addition of two numbers is more complicated. We must take care of the signs of both numbers
and avoid over- and underflows:

(=D*In|b|, if In|a| = —co
— (=1)%In|al, if In|b| = —c0

(a+b)= (6.26)
(=1)% [Inlal + In(1 + (= 1)s*seBInlal)] - if In faf > In b

(=1)* [In|b] + In(1 + (= 1)sstsnelnle-nbl) | otherwise

Many programming languages provide a function loglp(x) that returns the natural logarithm of 1+x
in a way which is accurate for small values of x.

This method only depends on double arithmetics. Double arithmetics is fast and supported on al-
most every platform. But additions become costly, as they usually involve the computation of the
exponential and the logarithm function. Besides, the code becomes obfuscated.

6.4.2. Quadruple precision

Another way to solve the problem is the use of 128 bits quadruple precision. Quadruple precision is
supported by the GNU C Compiler (gcc) and the Intel C Compiler (icc). Quads have an exponent
of 15 bits and cover almost 9900 orders of magnitude. However, usually processors do not support
quads and the operations have to be carried out in software which makes quad arithmetics very slow.
The increase of computational time renders this method impractical for actual calculations, yet it is a
good way to estimate the numerical stability of the two faster methods.

6.4.3. Extended double precision

On x86 and x86-64 processors the floating point unit (FPU) supports the extended precision format
with 80 bits and 15 bits exponent. The extended double format covers the same range of numbers
like quadruple precision, is more precise than the double format, but less precise than the quaduple
format. Gee and ice support the extended double format and also provide a library with basic mathe-
matical functions. The actual calculations are performed in the floating point unit. Extensions to the
x86 instruction set like SSE only support the double format and thus the compiler cannot use these
extensions for optimizations and parallelizations. However, this is still the fastest solution. It is about
a factor of 10 faster than quads and a factor of 2 faster than the logarithm approach.
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6. Numerical issues

logarithm approach | extended double precision quadruple precision
runtime ~ 2X 1x ~ 10x
accuracy ok good excellent

portability | almost all platforms | most compilers on x86, x86-64 | few compilers

readability | poor good good

Table 6.1.: Comparison of the three different solutions. The runtime is given compared to
the runtime using the extended double format.

6.4.4. Conclusion

All calculations in this master thesis are carried out using extended double precision unless otherwise
stated. This is the fastest method with a good accuracy and in most cases the best choice. On non
x86 or x86-64 platforms the logarithm approach still gives good results, but it is about a factor of 2
slower. The quadruple precision is only useful when comparing results with one of the other methods,
in all other cases quadruple precision is too slow for actual computations. The three approaches are
compared in table 6.1.

6.5. Determinant

The scattering matrix D is ill-conditioned and the calculation of its determinant is sensitive to round-
ing errors. In order to improve the accuracy, the matrix must be balanced before computing the
determinant. The balancing procedure uses similarity transformations to make corresponding rows
and columns have comparable norms, while leaving the determinant of the matrix unchanged [42,
51]. This is the key point of the calculation of the determinant: Without balancing, the calculation of
the determinant is numerically unstable.

After balancing, the determinant is calculated using a QR decomposition of the scattering matrix into
a product of an orthogonal matrix Q and an upper triangle matrix R:

D= QR (6.27)

The QR decomposition is computed with a series of Givens rotations [21]. After the QR decomposi-
tion, the logarithm of the determinant of the scattering matrix can be computed easily:

apl app as
azy a3 N al
Indet D = Indet R = In det "= ]—[ e = Z In ag (6.28)
as ... k=1 k=1
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6.6. Truncation of the infinite sum over n
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Figure 6.3.: Contributions of the n-th Matsubara frequency to the free energy: In a)
we plot F,,/Fo for different temperatures 7' and aspect ratios R/ L. For nT > 1 the
contributions fall off exponentially. In b) we use a logarithmic scale for 7,/%,. The

symbols correspond to the same parameters as in plot a). The solid lines correspond to

Fal Fo = Fizg e TIRD /7y,

6.6. Truncation of the infinite sum over »n

The free energy is given as an infinite sum over the Matsubara frequencies &, = nT and every fre-
quency &, yields an independent contribution 7, to the free energy

F - i . (6.29)
n=0

From a physical point of view it is obvious that this sum converges. While the Mie coefficients grow
exponentially for large Matsubara frequencies nT > 1 (cf. (3.36))

ap ~ by~ 7%, (6.30)

the integrals (5.45)—(5.48) decrease exponentially

(m) (m) (m) (m) —2nT
Ay ~ Brrtny ~ Cortnp ~ Prrnp ~ €7 (6.31)

In fact, the behaviour of the integrals is more complicated, however, for our argumentation it is suf-
ficient that they decrease somehow exponentially. If we also assume that for n7 > 1 the matrix
elements become small, we can approximate the logarithm of the determinant of the scattering matrix
by a trace

Indet(1 - M) = -Tr M. (6.32)

So we expect that the contributions to the free energy ¥, decrease like

Fn ~ €xp [—2nT (1 - %)] for nT > 1. (6.33)
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6. Numerical issues

Although our argumentation is oversimplifying, it is surprising that the result is not too bad: Fig. 6.3
shows that the contributions to the free energy decrease vaguely as predicted by (6.33).

The numerical implementation cannot sum up infinite elements, but we have to crop the sum at some
point. Therefore, we split the series in a finite sum that we compute and a remainder that we neglect:

i 7 - Zk: F 4R, (6.34)

— < €, where €, € (0, 1). (6.35)

Smaller values of €, yield better accuracies. The remainder may be estimated using (6.33):

Ry = Z Fo = ﬁZq = Fig

n=k+1

g =e2T0-%) (6.36)

Eq. (6.36) can be used to increase the accuracy for a given value of €,. However, the implementation
does not use this estimation yet.

6.7. Truncation of the sum over m

After the truncation of the vector space, the sum over m is finite

mdx

Z Fm (6.37)

and all terms can be computed. Fig. 6.4 shows the contributions to ¥, dependent on m for different
temperatures and separations. The contributions to the free energy fall off exponentially. This means
that terms for high values of m are extremely slight and can be neglected. This improves the run-time
of the numerics as less terms have to be computed. The summation is aborted when

7:nk

<ep 6.38
Z -0 T’n ep ( )

where €, is as in section 6.6. As the contributions decrease exponentially, the remainder R; may be
estimated by

[max €max_k
Re= > Fra~FE > 4 (6.39)
m=k+1 m=1
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6.7. Truncation of the sum over m
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Figure 6.4.: Decrease of the contributions to the free energy dependent on m for fixed
values of n.
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6. Numerical issues

where ¢ can be obtained by linear regression. Although this would increase the accuracy of the result,
the implementation does not support this feature yet.

6.8. Numerical differentiation

The force and the entropy are given as derivatives of the Casimir free energy

o 0T o

3L ~aT (6.40)

In order to calculate the derivative of a function f(x) we use the finite difference formula of order 4
[17]

P = —f(x + 2h) + 8f(x + h) — 8f(x — h) + f(x —2h) . e

Z_ O
12h 30f ©. ©41)

where ¢ € [x—2h, x+2h]. A detailed discussion about problems and errors of numerical differentiation
can be found in [42].

6.9. Numerical stability

The accuracy of the result depends on the choices of {i,ax and €, as well as on round-off and other
numerical errors. The first kind of errors, i.e. the dependence of the accuracy on {iax and €,, was
investigated in previous sections. In this section, we want to investigate the numerical stability of the
program. Under stability we unterstand the stability of the program for fixed parameters. In simple
words, we ask: “Does the result change if we calculate with higher precision while keeping the values
of {max and €, fixed?”

Most numerical results of this master thesis have been computed using extended double format. How-
ever, the numerical program also supports the more accurate quad format. The extended double
format gives about 18 significant decimal digits while the quad format gives about 33. This way we
can compare the results of both implementations. The program is believed to be reliable if both im-
plementations yield (almost) same results. “Almost same results” means that the deviation of both
implementations

extended double L\ _ qquad L
7 (7.%) - 7" (7. %)

A= Fquad (T, %)

(6.42)

is not larger than the estimated numerical error due to the truncation of the scattering matrix, and the
truncations of the sums over n and m.
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6.9. Numerical stability
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Figure 6.5.: Deviations of the free energy calculated using extended double and quad
format. Both computations yield almost same results.

In Fig. 6.5 we plot the deviations of the results obtained using extended double and quad format. We
have used {1ax = max (20, [pR/L]) withn = 6 and €, = 1077, The error due to £« and €y is believed
to be about 107 to 1075, We see that the deviations are smaller than the accuracy.

The resolution of Fig. 6.5 is 30 points for 7 and 20 points for L/R. This is the reason why the
points look like bricks. The numerical results were obtained using parallelization. The parallelized
algorithm is non-deterministic, because the conditions for the truncation of the sums over m and n may
be checked too late and more terms than neccessary have been computed. So, the non-deterministic
algorithm is the main reason for the “noise” in Fig. 6.5.
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7. The proximity force approximation

Another method to calculate the free Casimir energy between arbitrary shaped smooth objects is the
proximity force approximation (PFA). The PFA links arbitrary geometries to the much simpler plane—
plane geometry and also accounts for thermal effects and finite conductivity of the mirrors. For this
reason, the PFA is commonly used for comparisons with experiments. Although the approximation is
believed to become accurate for small separations, no error estimates exist [18].

In this chapter, we want to compare numerical results obtained using the scattering approach with
predictions of the PFA. We will only consider perfect reflectors here. We will see that for small
separations the PFA becomes a good approximation. However, even for separations L/R ~ 0.02 the
error of the approximation is still in the percent range.

7.1. The PFA for the plane-sphere geometry

We will follow the derivation from Ref. [7]. Let us consider
two bodies: the surface of the upper body may be described
by z1 = z1(x,y) and the surface of the lower by z; = z2(x, y).
Then the separation between both bodies is given by

d(x,y) = z1(x,y) — 22(x, ). (7.1)

For a given point (x, y) we now replace the infinitesimal sur-
face elements dS | of the upper and dS, of the lower body
by parallel surface elements dxdy around the points z;(x, y)
and zo(x,y). Thereby we link the unknown interaction en-

ergy to the well-known energy of the plane—plane geometry.

In this way we can calculate the free energy of this geometry

by integration Figure 7.1.: PFA for the plane—sphere ge-
Fonld ometry. The sphere is approximated by
X, PR
Fopa = f pp(d(x,y)) dxdy, (7.2) infinitesimal plates that are parallel to the
s A plane.

where X is the area of the xy-plane where the function d(x, y) is defined. For the plane—sphere geom-
etry the idea of the PFA is sketched in Fig. 7.1.
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7.2. Comparison with scattering approach

Let us now apply the PFA to the plane—sphere geometry. The separation between plane and sphere is
given by

d(x,y)=L+R— |R? —x2—y2 =L+ R(1 — cosf) (7.3)

and the integration can be carried out in spherical coordinates

2 71'/2 L R 1 _ 0
Fppa = f do f g Ler (LY 2 c0sO) g2 sine, (7.4)
0 0

where R? sin #dfdy is the surface element in spherical coordinates. The integrand is independent of
¢ and the integration over 8 can be simplified by substituting ¢t = 1 + (1 — cos §) R/L. Doing so, we
obtain for the free energy in the plane—sphere geometry

1+R/L Lt
Fopa = 27RL f dr TPP; ). (71.5)
1

The evaluation of (7.5) is notably simpler than the formulas we obtained in the scattering formalism.
However, the PFA neglects some intrinsic properties of the plane—sphere geometry:

e The PFA ignores the finite curvature of the sphere. In particular, the curvature alters the way
waves are scattered. While the curvature causes waves to be scattered in different directions,
wave scattering is resonant in the PFA. This is the reason why the PFA usually overestimates
the value of the free energy.

e The PFA uses the free energy of the plane—plane geometry. In this geometry the polarizations
p = TE, TM are uncoupled and yield independent contributions to the free energy. However,
in the plane—sphere geometry the polarizations are coupled. This will become important in the
study of the large—distance limit in chapter 8.

e The Casimir free energy is non-additive. However, the PFA assumes that the sphere can be
divided into small parallel area elements and the contributions of these area elements with the
plane are additive.

e For perfect reflectors the entropy is always positive in the plane—plane geometry. In the PFA
approximation the free energy is given as an integral over the free energy in the plane—plane
geometry and the entropy obtained is always positive. However, in the plane—sphere geometry
the entropy becomes negative for a wide range of parameters.

In the next section we will compare our numerical results obtained using the scattering approach with
the PFA approximation.
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7. The proximity force approximation
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Figure 7.2.: Comparison of the PFA approximation with numerical results obtained using
the scattering formalism versus the aspect ratio x = L/R. We plot the ratio ¥ /Fpga for
different temperatures, including the zero temperature and the high temperature limit. The
numerical data for the zero temperature limit (for x > 0.035) are obtained by interpolation
(cf. section 9.1), the data for the high temperature limit are obtained by calculating the
n = 0 Matsubara term (cf. section 9.2).

7.2. Comparison with scattering approach

The aspect ratio L/R will play a crucial role in our considerations and for this reason we define
x = L/R. For perfect reflectors we can insert (4.16) into (7.5) and obtain

1 ’

T e Z 2nTix 2nT1x
B x . — /(x+1) . —2nTtx/(x+1)
Feea = 47rxf1 dr 1?2 4 [L13 (e )+ 1+x Liz (e ) ’ (7.6)

where we use the dimensionless quantities defined in section 5.6. From (4.17) and (4.19) we find the
behaviour for 7 = 0 and high temperatures:

3 3
T=0 7 1+2x Fis
_ ~_ 7.7
Fpea 720 x3 + x2 720 x2 (.7)
TEB) 1 TEQ3
FHT _ _ £(3) . T£03) (1.8)

87 X2 +x 81 x

The free energy in the Drude model becomes independent of the particular properties of the metal for
high temperatures and we find

FHTD _ _TEB) 1 TR

= ~ . 7.
PFA 167 x2 +x 167 x (7.9
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7.2. Comparison with scattering approach

The expressions obtained for the high temperature limit for perfect reflectors and Drude mirrors differ
by a factor of 2. The reason is the same as in section 4.4: The Fresnel coefficient for TE polarization
for & — 0 becomes rrg = 0 in the Drude model, but rrg = —1 for perfect reflectors.

In Fig. 7.2 we plot the ratio ¥ /Fpga in the range 0.015 < L/R < 1 for different temperatures
including 7 = 0 and the high temperature limit. The numerical results were obtained using j.x =
max (25,[nR/L1) withn = 5.8 and g, = 2 - 10~7. For small separations the ratio ¥ /%ppa tends to
unity. The accuracy of the PFA becomes better for small separations and for low temperatures. For
L/R = 0.015 the ratio is 0.9788 for T = 1, and 0.9747 for T = 10. However, the PFA approximation is
a good approximation for small separations and only for small separations. For separations L/R ~ 0.1
the ratio ¥ /Fpra is only about 0.9 even for very small temperatures. We also want to remind the reader
that the PFA does not cover effects like negative entropies in the plane—sphere geometry. Moreover,
the PFA is in a sense an uncontrolled approximation as no error estimates exist.

We want to stress one more point: The PFA becomes a good approximation for small separations. This
means that it captures the main physical effects in its limits of validity. However, entropies obtained
using the PFA are always positive. From that we may conclude that the effect of negative entropies
must vanish or become negligible for small separations. This argument can also be understood in
terms of geometry: Small separations correspond to small curvatures of the sphere and the plane—
sphere geometry becomes similar to the plane—plane geometry. This is in fact the main idea of the
PFA approximation. As no parameters for which the entropy becomes negative exist in the plane—
plane geometry, we expect negative entropies to disappear for small separations. We will investigate
this question in more detail in chapter 10.
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8. Large-distance limit

In this chapter, we investigate the large—distance limit of the Casimir effect in the plane—sphere geome-
try. The large—distance limit may also be interpreted as the small-sphere limit. Thus, large separations
of sphere and plane correspond to high curvatures of the sphere. We will derive an analytical expres-
sion for perfect reflectors which will help us to understand the origin of the occurence of negative
entropies. We will mainly follow the derivation of Refs. [10, 13].

For large separations of plane and sphere £ > R the dominant contribution to the free energy comes
from the dipole moment ¢ = 1. The matrix elements become small and we may approximate the
logarithm of the determinant of the scattering matrix by the trace of the round-trip matrix

Indet (1 - M™)~ = > M"(P, P). 8.1)
P=EM

The free energy simplifies to
T3, 0 1o () (1)
FLp = —— g SMUEE) + MM, M) + M (B, E) + M {(M, M)], 8.2)
w270 27", , ;

whereas the first two summands enclosed within the brackets correspond to m = 0 and are weighted

(m) (m)

by a factor 1/2. The matrix elements M(lml) p(P, P) contain the prefactor A}, the integrals A

L1° LLp
and B(lml)p, and the Mie coeflicients a; and b;. The Mie coefficients are evaluated at the argument
x = nTR/L and may be approximated by the low frequency limit (3.34)
3 3
perf _ 2 (nTR perf _ 1 (nTR
=37 sl ®-3
The values of A are given by
3 3
0 _ @ _
A= ~5 Ay = 7 (8.4)
and the integrals can easily evaluated analytically
© () e
Ay =0 ALy =
B0 _, @nT + 1) e 2T D _ Qn2T? +2nT + 1) e 2T 85
Llp =P 4n3T3 ’ LLp =P 4n3T3 ’

By inserting (8.3), (8.4) and (8.5) into (8.2) the free energy simplifies to an infinite sum over the
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Matsubara frequencies &, = nT'. The sum can be evaluated analytically and one obtains an expression
for the free energy. However, in order to understand the origin of negative entropies, we split the free
energy in contributions regarding polarization.

Following an idea of G.-L. IncoLp, we calculate the free energy separately for the contributions

o0 1/ 17
Fio=-2> INPIPY Mi’,’?,p]=20 PIPR LA 8.6)
m= m= P

n=0 P=EM p=TE,TM

’

So, we split up the free energy in eight contributions. The infinite sums can be evaluated using (B.33)-
(B.35). For m = 0 we find

T (R\V>T +sinhT coshT
(0)
- __- (2 , 8.7
Fe-mvoe 167 (£) sinh? T o0
(0) _
7jE—)TE—>E =0, (88)
(0) _
7_dM—>"[‘M—>M - 0’ (89)
1
0) _ (0)
FMATESM = 57—-E—>TM—>E’ ®10)
and form =1
T (R\3[coshT T cosh T
) 2
- __ (= + + T R 8.11
FEtvoE 167 (L) [ sinhT  ginh?T sinh® T ( :
T3 (R\? coshT
(1) __ (K 8.12
Teomeoe 167 (L) sinh® T’ .
1
(1) (1)
7:M—>TM—>M EY:E—>TE—>E’ (®19
1
7D —F (8.14)

The polarization TM on the plane corresponds to the polarization E on the sphere, and TE on the plane
corresponds to M on the sphere.

Adding the contributions of m = 0 and m = 1 for the contributions without change of polarization

yields
FE-TMoE = T (5)3 |2cosh T sinh? T+ 2T sinh T + T* cosh T | (8.15)
167 sinh® T \.L ’
1
FMoTE-M = 5¢E—>TM—>E- (8.16)

Both contributions differ by a factor of 2 with Fy—1g—m being larger in amount. The two contribu-
tions to the free energy are depicted in Fig 8.1 a). The contributions to the free energy have zero slope
for T = 0 and decrease linear for high temperatures. As the slope of the functions are negative for
arbitrary temperatures, the contributions to the entropy are positive. Moreover, the contributions to
the entropy become constant for high temperatures.
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8. Large-distance limit
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Figure 8.1.: Contributions to the free energy in the large—distance limit for a) no change
of polarization and b) change of polarization. The solid and dashed lines differ by a factor
of 2. The contributions in a) decrease and yield a positive contribution to the entropy. The
contributions in b) increase and thus yield a negative contribution to the entropy.

Adding the contributions of m = 0 and m = 1 for the contributions with change of polarization

yields
—T3 R\ coshT
g = () cosh 8.17
Feote-e 167 (l:) sinh® T (8.17)
1
FMoTMoM = 57:E—>TE_>E- (8.18)

Once more both contributions differ by a factor of 2 with Fg_,1g_,g being larger in amount. The two
contributions to the free energy are depicted in Fig 8.1 b). Also, the contributions to the free energy
have slope zero for T = 0. However, the functions increase and tend to zero for high temperatures.
Thus, the contribution to the entropy is zero for T = 0, negative for intermediate temperatures, and
tends to zero for high temperatures.

We see that the terms with a change of polarization yield a positive contribution to the entropy. This
means that the change of polarization is the reason of negative entropies in the plane—sphere geometry.
This is certainly true in the large—distance limit and at least reasonable for arbitrary separations. For
perfect reflectors the entropy is always non-negative in the plane—plane geometry. For this reason, the
entropy in the proximity force approximation (PFA) is also non-negative. However, we have seen in
the last chapter that for small separations of sphere and plane the PFA becomes accurate. Therefore
the entropy must become non-negative or at least arbitrary small. As the PFA neglects contributions
due to polarization changes, it is thus at least reasonable that negative entropies are associated with
polarization changes.

By summation of all contributions we obtain for the free energy

L

37 (R\3 Tsinh T +cosh T (T? + sinh®> T
(5) (170’7 19

Fip = ——
LD 16 sinh® T

Interestingly, the effects due to finite temperature and curvature are separated in this limit. For low
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Figure 8.2.: We plot a) the free energy and b) the entropy dependent on 7. The free
energy increases for small temperatures to a local maximum and decreases afterwards,
thus yielding negative entropies for 0 < 7 < 1.48584.
temperatures (8.19) can be approximated by a Taylor series and we find
9 (R\? T4 41% T8
?Lng-—(—) R (8.20)
16\ L 135 945 945

The first finite temperature correction is positive and thus yields a negative contribution to the entropy.
Also, for large separations the factor R/ L decreases and the free energy, the force and the entropy
become small. For high temperatures one obtains

HT
Fip *

) B2

Clen\L

In the high temperature limit the free energy descreases proportional to the temperature, thus yielding
a positive and constant entropy.

The free energy and the entropy are depicted in Fig. 8.2. For low temperatures the free energy
increases up to a maximum at 7 ~ 1.48584 and decreases for higher temperatures. In the high
temperature limit the function decreases proportional to the temperature. The maximum of the free
energy yields negative entropies in the range 0 < T < 1.48584. As the effect of negative entropies is
caused by a change of polarization, we may assume that the entropy is always positive for temperatures
T > 1.48584. We will verify this assumption in chapter 10.
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9. Thermal effects

In this chapter, we put a focus on thermal effects. For low temperatures we find the entropy to be
negative for separations L/R > 0.04. The numerical results suggest that the entropy is still negative
for smaller separations and vanishes for L/R — 0. In the high temperature limit the free energy
becomes independent of the particular properties of the metal in the Drude model. This enables us to
study this limit for perfect reflectors as well as Drude mirrors. We compare our numerical results with
expressions obtained by PFA and various suggested expansion of the free energy for small separations.
In the last section, we investigate thermal effects for perfect mirrors at intermediate separations.

9.1. Low temperatures

The expansion of the free energy for low temperatures is given by

F(T) ~ a+ bT*. 9.1)
The coeflicient a corresponds to the free energy at 7 = 0

a=F(T =0), 9.2)

and b to the low temperature entropy divided by —47°:

s=-T _ _4pro b=

o7 e 93)

We have derived analytical expressions for the free energy for small separations (7.7) using the PFA
approximation in chapter 7, and for large separations (8.20) using the dipole approximation in chapter
8. In order to obtain a and b for arbitrary separations, the free energy is computed numerically for 20
temperatures in the range 7 = 0.05...0.25. The coefficients a and b are then obtained using linear
regression in the variable T4,

In order to obtain meaningful results it is important to discuss the reliability and the accuracy of the
fit parameters a and . On the one hand, the points P; = (T}, ¥ (T;)) used for the fit must not be
computed for too high temperatures, because (9.1) is only valid for small temperatures. On the other
hand, for low temperatures the free energy hardly changes. For the numerical computation we used
€ = 10719 and £, = max (25, [nL/R1), where n = 6.2. For separations L/R > 1 this yields a very
high accuracy of about 10-8-10~°. However, for smaller separations the accuracy is limited by the
choice of £yax and is in the order of 1074-107>. Fig. 9.1 shows two fits for L/R ~ 0.05 and L/R ~ 1.0.
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9.1. Low temperatures
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Figure 9.1.: Low temperature fits for the free energy using ¥ ~ a+bT* for a) L/R ~ 0.05
and b) L/R = 1. The points correspond to numerical data, the solid lines to (9.1) with
parameters a and b obtained using linear regression.

The agreement of the numerical points and the fit functions are in both cases good. However, the
deviation of the fits from the numerical points becomes stronger for smaller separations.

The change of the free energy in Fig. 9.1 a) is smaller than the accuracy of the free energy. Nev-
ertheless, the following two examples show that this causes no numerical problems. For L/R = 0.1
and L/R = 0.07 we compare the parameters a and b obtained using €, = 1071°, = 6.2, and a much
preciser computation using n = 12.4.

L/R=0.1 L/R =0.07
n 6.2 12.4 6.2 12.4
Cmax 62 124 89 178
a —4.200585 —4.200709 ~8.613663 -8.613869
b | 6.279343-107* | 6.279350 - 10™* | 6.094080 - 10™* | 6.094146 - 10~

Both parameters a and b hardly change and we see that = 6.2 yields satisfactory results. The reason
for this is as following: The accuracy is not limited by €, but by the choice of 5. For increasing values
of i the computed free energy converges monotonic to the exact free energy. The convergence hardly
depends on the temperature (cf. Fig 6.1) and thus the points used for the fits are shifted in the order of
the accuracy. Therefore, the accuracy of a and b is in the order of the free energy.

In Fig. 9.2 we plot the free energy and the entropy for 7 = 0 versus the separation. For small
separations the free energy conincides with the approximation obtained by the PFA, and for large
separations the free energy coincides with the approximation obtained in the large—distance limit. The
entropy for low temperatures is negative for separations 0.036 < L/R < 10. For large separations the
parameter b is given by (cf. (8.20))

1 (RY 1
" 2401 (Z) " 240n (1 + L/R? ©4)
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9. Thermal effects
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Figure 9.2.: We plot a) the free energy and b) the low temperature entropy versus the
separation of plane and sphere. For small separations the free energy coincides with the
PFA result, for large separations the free energy coincides with the large—distance limit.
For large separations the entropy tends to zero, for smaller separations it decreases and
reaches a minimum at L/R ~ 0.104 and S /(4T73) ~ 6.28 - 107*.

Thus the entropy is negative and tends to zero for L/R — oo. The entropy reaches a minimum at
L/R ~ 0.104 and S/(4T3) ~ —6.28 - 10™*. In the PFA approximation the Casimir entropy is always
positive. As the PFA is a good approximation for small separations, it is plausible that the entropy
tends to zero for L/R — 0.

9.2. High temperatures

For perfect reflectors the free energy is a universal function depending only on the temperature T
and the ratio x = L/R. In this section, we study the high temperature limit of the Casimir effect.
In this limit the free energy is dominated by the n = 0 term and higher Matsubara frequencies may
be neglected. The matrix elements of the scattering operator are given by the analytical expressions
(5.70) and (5.71). These expressions are also for Drude metals independent of the particular properties
of the metal. For this reason, the free energy only depends on temperature and separation in the high
temperature limit. This, however, is not true for the plasma model, because the Fresnel coefficient r1g
still depends on wp and k for & — 0. Moreover, the numerical evaluation of the free energy in the high
temperature limit is considerable simpler than for low and intermediate temperatures. This enables us
to study notably smaller separations. In this section, we will mainly follow Ref. [12].

In the high temperature limit we may only consider the n = 0 term and the free energy becomes

’

FHTY (T L/R) = % Z DT = 0). 9.5)

As the free energy depends linear on the temperature, the entropy becomes constant. The scattering
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9.2. High temperatures
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Figure 9.3.: The ratio o of the exact free energy and the PFA approximation in the Drude
model and for perfect reflectors versus the separation L/R. The inset shows o for separa-
tionsupto L/R = 1.

matrices D depend on the ratio x = L/R and we are lead to define
HT T _ - (m)
7T, LIR) = - ®(L/R). ®(L/R) = Z D™ (T = 0). (9.6)

The function @ is universal in the Drude model and for perfect reflectors, however, both functions are
not identical. We will distinguish both functions using superscripts “D” for Drude model and “P” for
perfect reflectors.

With (7.8) and (7.9) the ratio of the exact result and the PFA approximation is given by

P a0PP R C R
o ;

£0)
=)

9.7

o"F(x)

where we have used the approximated PFA results. The discrepancy between the ratio o for Drude
and perfect mirrors is caused by the different behaviour of rrg for ¢ — 0. In Fig. 9.3 the ratio o versus
the separation x = L/R is plotted. The ratio o tends to one for separations x — 0. For a given ratio
L/R the accuracy of the PFA is better for the Drude model than for perfect reflectors. The accuracy
of the leftmost points L/R ~ 5.53 - 10™* is only o ~ 0.9914 for perfect reflectors, but o° ~ 0.9979
for Drude mirrors. In Fig. 9.4 a) we plot the universal function ®(x) for the Drude model and perfect
reflectors. For perfect reflectors —® is greater than for Drude mirrors. The ratio ®F /®P tends to 2 for
L/R — 0 and reaches a value of 3/2 for L/R — oo [13]. The numerical results were obtained using
€=35" 107 and n = 8, for the leftmost point £i.x = 14465 was used for the calculation.
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9. Thermal effects
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Figure 9.4.: In a) we show the universal function —®(x) versus the separation x = L/R
for the Drude model and for the model of perfect reflectors. The function ® = 2757 /T
is proportional to the free energy. We also plot an expansion of ® for small separations
derived by BimonTE and Emic [5]. In b) the additive correction S to PFA is plotted for Drude
mirrors and perfect reflectors in the range —7.5 < In(L/R) < 2. We plot the function S(x)
together with the trial functions 3, 8, and 3, in c¢) for perfect reflectors and in d) for the
Drude model.

62



9.2. High temperatures

Following an idea of CAaNaGUIER—DURAND, INGOLD, JACKEL et al. [12], we express the ratio o by

D,P -1
Py = I 9.8)
where 8P corresponds to an additive correction to PFA
1
PP (x) = —-CPP (— + ,BD’P(x)). (9.9)
X

The functions SPF are depicted in Fig. 9.4 b) in the range —7.5 < L/R < 2. For large separations the
functions P and B coincide. For the function 8 we consider following trial functions:

Bi(x) = ag + ajlnx + axIn*x + azln®x (9.10)
Bx(x) = by + bix + byx® + b3x’> 9.11)
Bm(x) =co+ cilnx + crx + 03x2 9.12)

The first function is a polynomial in the variable Inx, the second function is a polynomial in x, and the
last function is a mixed form that results from the assumption that the force in the high temperature
limit can be expressed as a Laurent series in x. The parameters are obtained from the numerical results
using fits in the interval Inx € [-5, —3]. In total, 27 points were used for the fits. The function 8 and
the trial functions 8;, By and 3, are depicted in Fig. 9.4 for c) perfect reflectors and d) for the Drude
model. The fit parameters for the trial functions for perfect reflectors are

ap = —0.824834,  d} =0.545277, ay = —0.181948, a; = 0.000932,
by = —10.187688, b} =364.692140, b5 = -8750.230389, b} = 78825.984591,
ch = 5.222405, b = 2.634690, 5 = —40.064506, b =226.000366,

and for the Drude model

ag = -0.474404, 4} = 0.780873, ay =0.056193, ay = 0.001597,
by = —3.478220,  bP =53.680980, D =-1075.234122, b =9158.452023,
cp =-1.715240, ¢} =0.301137, 5 =17.149318, ) = —37.457065.

The trial functions S, and §,, behave similar for perfect reflectors and in the Drude model. The
numerical results show that 8, coincides with 8 only in a small window. The function §,, agrees with
[ in a broader domain, but it also differs significantly from g for small separations. Therefore 8 cannot
be expressed as a polynomial in x, and the assumption that the force can be expressed as a Laurent
series in x is not valid in general. The trial function §; behaves different for perfect reflectors and in
the Drude model. For perfect reflectors §; is in perfect agreement with 8 for small separations. For
the Drude model g; is still in good agreement, however, the trial function differs from  noticeably for
small separations. So, the numerical results suggest that 8 can be approximated by a polynomial in
Inx for perfect reflectors, but not in the Drude model. Our results are in agreement with [12], however,
as we arrive at smaller separations, we can also show that §; differes from § for the Drude model.
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Figure 9.5.: Additive correction 8 to the PFA and the approximation given by BiMoNTE
and Ewmic [5]. Both functions are in perfect agreement for small separations.

Moreover, we want to compare our numerical results with an analytical expression of the free energy
derived by BivmonTE and EmiG for Drude metals [5]. This expression is supposed to be valid for small
separations in the high temperature limit. The function © is given by

1] é3) Inu 1 T 31t
P | - -, _r
pe(0) = 3 [ 22 T 12 T8 707 2880~ 725760
—y2+Inpp®  ys—yalnp+InPp gt 6
In(y; - Ing) + £ £ o)), 9.13
= e e T T Oy v np? 180 () ©-13)
where

p=n(l+x+ X2+ ). 9.14)

The constants yg = 0.174897, v = 0.1270362, v, = 1.35369, y3 = 1.59409 and y4 = 2.51153 are
given by integrals, but BimonTE and EmiG give only an expression for the integral of yy. Fig. 9.5
shows P and the function ,BEE obtained from (DEE. Both functions are for small separations in perfect
agreement. In Fig. 9.4 a) the free energy in terms of @ is plotted with the approximation (9.13)
obtained by BiMonTE and Emic.

9.3. Intermediate temperatures

For intermediate temperatures we have to rely on numerical results. In Fig. 9.6 the ratio ¥ (T)/F (T =
0) is depicted in the range 0.25 < L/R < 5and 0.5 < T < 2. In Fig. 9.7 we plot the ratio ¥ (T)/F (T =
0) for various separations L/R dependent on 7'. For a constant separation L/R the ratio first decreases
for increasing temperatures, reaches a minimum, and increases afterwards. As the free energy is
negative, a minimum of the ratio ¥ (T)/F (T = 0) corresponds to a maximum of the free energy and
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9.3. Intermediate temperatures
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Figure 9.6.: ¥ (T)/7 (T = 0) in the range 0.25 < L/R < 5and 0.5 < T < 2.
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Figure 9.7.: ¥(T)/F (T = 0) for various separations dependent on temperature.
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9. Thermal effects

thus to § = 0. For large values of L/R we find the large—distance limit: The maximum of the free
energy is located at T ~ 1.5 in accordance with the results of chapter 8. For smaller separations the
minimum is reached at temperatures lower than 7" ~ 1.5. We also see that the thermal increase of the
free energy is an effect in the order of per mille. Moreover, the effect becomes more evident for large
separations.

The numerical results were obtained using €, = 1078, fmax = max (20, lnR/L]) with n = 6. The
separations between two point is A7 = 0.0031 and Az/r = 0.0045. The numerical data was converted
using bilinear interpolation to a resolution of 1000x1000 points in Fig. 9.6.
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10. Negative entropies

In the last chapters, we have found that parameters for which the entropy becomes negative exist
in the plane—plane as well as in the plane—sphere geometry. In the plane—plane geometry negative
entropies do not occur for perfect reflectors and are thus caused by effects due to finite conductivity
and plasma oscillations of the metals. In contrast to this, negative entropies are found in the plane—
sphere geometry for perfect reflectors thus suggesting a geometrical origin. In the large—distance
limit we showed that the root of the effect is due to a change of polarizations and the entropy is always
positive for temperatures higher than T =~ 1.5. Throughout this chapter, we will denote the temperature
for fixed separation for which the entropy changes its sign by Ts(L/R). For smaller separations the
effect becomes less pronounced and our numerical results suggest that 75 (L/R) tends to zero for
L/R — 0. This assumption is also strengthend by the PFA approximation. On the one hand, the PFA
yields positive values for the entropy for arbitrary separations and temperatures. On the other hand,
the approximation becomes accurate for small separations. For these reasons, we expect negative
entropies to disappear for small separations. This argument can also be restated in terms of geometry.
For small separations the curvature of the sphere becomes small and the geometry becomes similar to
the plane—plane geometry. As the curvature becomes small, changes of polarization may be neglected
and the effect of negative entropies vanishes.

We now study the effect of negative entropies for arbitrary separations and temperatures. In Fig. 10.2
a) we plot the entropy dependent on separation and temperature in the range 0.03415 < L/R < 1 and

10 T T T T T T T T
75 i
Tt -
(e}
i
\ . .
N o9 L -
0 T o
0 0.2 0.4 0.6 0.8

Figure 10.1.: Entropy for S for L/R = 0.02 dependent on temperature. We find negative
entropies for temperatures T < 0.46. (g, = 1078, £max = 300)
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Figure 10.2.: Negative entropy dependent on temperature 7 and separation L/R. The
entropy is plotted a) in scaled units and b) in SI units for a sphere of radius R = 150um for
separations 0.03415 < L/R < 1 and temperatures according to subcaptions. White areas
within this range correspond to positive values of the entropy. The minimum is located at
L/R=0.270and a) T = 0.927, and b) T = 1.77K.
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Figure 10.3.: Negative entropies for a) scaled quantities and b) in SI units for separations
upto L/R =5.

0.207 < T < 1.5. White areas within this range correspond to positive entropies. For large separations
we rediscover the results of the large—distance limit and the entropy is negative for temperatures lower
than T < Ts(L/R) = 1.49. Fig. 10.3 a) shows the same plot for separations up to L/R = 5. For smaller
separations T's (L/R) decreases, while the absolute values of the negative entropies increase down to
L/R =~ 0.3. This may be understood as a result of two competing effects: On the one hand, negative
entropies are more distinct for large separations, or small spheres respectively. In other words, the
decrease of the ratio ¥/ (T = 0) is stronger for large separations (cf. Fig. 9.6). On the other
hand, the free energy decreases with larger separations. Consequently, the effect of negative entropies
increases with separation, but at the same time the Casimir effect becomes less pronounced. We find a
minimum of the entropy for L/R ~ 0.270 and T =~ 0.927. For smaller separations T's (L/R) continues
to decrease. For L/R =~ 0.034 we find negative entropies for temperatures 7s < 0.60. Because
of the arguments stated in the previous paragraph, it seems plausible that T's (L/R) tends to zero for
L/R — 0. This assumption is also strengthened by Fig. 10.1. For L/R = 0.02 we find negative
entropies for temperatures 77 < 0.46. The numerical data for Fig. 10.2 and Fig. 10.3 was obtained
with identical parameters and resolution as in section 9.3.

In Fig. 10.2 we plot the negative entropy in SI units for a sphere of radius R = 150um which is a
typical size in experiments [33]. We want to remind the reader that quantities meassured in SI units
are labeled with a subscript “SI”. While the separation L/R remains constant when changing to SI
units, the temperature of the minimum of the entropy is now located at Ty = 1.77K. The minimum
in SI units for arbitrary values of R is given by (5.41)

N fic B 0.927 Tic
T 2rkgR(L+L/R) "~ ~ 1270 2nkg R’

Ts; (10.1)
For smaller spheres this temperature increases and corresponds to ambient temperature for R = 1.2um.
While Ts(L/R) tends to a constant value for large separations in scaled units, 75 (L/R) tends to zero
for SI units. This is caused by the scaling (5.41). In SI units the entropy is given by

0Fs  hcdF oT (T _ MTSI)- (10.2)

Sq =28 _ MO 9L 5 ke S(T) = 2nksS
SUT T gTg L aT oTy . ZkeS(T) = 2mks e

For large separations the entropy S is negative for 7 < 1.5. From this it follows that T's (L/R) decreases
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for large separations like

2nkgR(1 + L/R 1
T - mkpR(1 + /)TSI he

<1 T < 1. . 10.
hic sk e Tas IS v R S T+ IR (103)

This can be seen in Fig. 10.3 b) for separations up to L/R = 5.

We now address the question about the relevance of negative entropies in the Casimir effect. We have
found non-monotonic behaviour of the free energy over a wide range of parameters. However, the
definition of the entropy from statistical mechanics claims that the entropy is positive. This contradic-
tion is resolved by the fact that the Casimir free energy is an interaction energy. We are actually only
considering a subsystem of the full system [9]. For this reason, the Casimir entropy corresponds to a
difference of two entropies. There is no physical reason why the difference of two entropies ought to
be positive [26, 41].
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11. Conclusion and outlook

In this master thesis, we have studied the Casimir effect in the plane—sphere geometry, in particular
with respect to the effect of negative entropies. We have shown that the Maxwell equations in vacuum
are equivalent to the source-free vector Helmholtz equation and introduced the plane wave basis and
the multipole basis as solutions. Moreover, we have presented the solutions to the scattering problems
of electromagnetic waves at a planar, homogenous interface and at a sphere, where the metallic prop-
erties of plane and sphere are either described by the Drude model, the plasma model or the model
of perfect reflectors. With the Fresnel and Mie coefficients as well as the solutions of the Helmholtz
equation at hand, we have applied the scattering approach to the plane—plane and to the plane—sphere
geometry. Although equivalent to the matrix elements of Duranp et al. [10, 13], our matrix ele-
ments of the scattering matrix in the plane—sphere geometry avoid Wigner D-matrix elements. After
changing to scaled quantities the free energy for perfect reflectors depends only on temperature and
separation. Also, we have considered analytically the contribution to the free energy of the Matsubara
frequency ¢ = 0, because this special case raises numerical problems. The software implementation
of the formulas reveals several serious numerical problems, e.g. the problem of computing the de-
terminant of a matrix whose elements differ by hundreds of orders of magnitude. We have discussed
these problems and presented solutions for a fast and stable software implementation.

We have compared our numerical results with the proximity force approximation (PFA) that links the
unknown free interaction energy of arbitrary geometries to the well-known energy of the plane—plane
geometry. We have shown that indeed the PFA becomes a good approximation in the limit of small
separations. As entropies obtained using the PFA are always positive, we have conjectured that the
effect of negative entropies vanishes for small separations. This assumption was strengthened by the
study of the large—distance limit. We have derived an analytical expression for the free energy in
the limit of large separations and have shown that the negative entropies are linked with a change of
polarization within a round trip. For low temperatures we showed that the entropy as a function of the
separation has a minimum and probably tends to zero for small separations. As the matrix elements
of the scattering matrix become independent of the particular properties of the material in the high
temperature limit, we have studied this limit for perfect reflectors as well as for Drude mirrors. We
have ruled out several suggestions for the free energy at small separations and proofed the validity of
an expansion by BimonTE and Emig. At last, we have shown that negative entropies exist over a wide
range of parameters. In accordance with previous assumptions, we have found that negative entropies
disappear for small separations. While the entropy for large separations is negative for (scaled and thus
dimensionless) temperatures 7 < 1.5, the entropy has a minimum for 7 = 0.927 and R/L =~ 0.207.
The smaller the separation the lower is the temperature at which the entropy becomes positive. This
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11. Conclusion and outlook

means that the effect of negative entropies is more evident for large separations. In contrast to this, at
the same time the Casimir effect becomes less pronounced for large separations.

This master thesis has covered the main aspects of the Casimir effect in the plane—sphere geometry
for perfect reflectors. Further studies could focus on effects due to plasma oscillations and finite
conductivity of the metallic mirrors. This adds two more length scales and makes the parameter space
more complicated, yet more interesting. Moreover, for a more accurate description it is also necessary
to consider effects due to corrugations of plane and sphere [34].
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A. Special functions

In this chapter, we briefly describe properties of several special functions that we need for various
calculations. The functions are not discussed in completeness, the reader finds a more detailed de-
scription in Ref. [1].

A.1. Spherical harmonics

The spherical harmonics

eim<p
Yem(0, ¢) = NP7 (cos ) —— (A.1)
m mL g \/E

form a complete and orthonormal set of functions on the unit sphere. They depend on two parameters
£,m with £ > 0 and —¢ < m < €. The factor

3 f2{’+1(€—m)!
New = 5 m (A2)

is a normalization constant and P}’ are associated Legendre polynomials. The normalization constant

for negative values of m can be expressed by positive values of m:

_(t+m)!
Nem = mem (A.3)

The spherical harmonics are orthogonal

f Y (6, 0)Y e (0, ) AQ = S¢Sy (A4)

and complete

00 4
Z Z Y; (0.0 Y (0, ) = 6(¢ — ¢') 6(cos 6 — cos ). (A.5)
=0 m=—t

The spherical harmonics up to £ = 3 are listed in table A.1.
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YimO,90) | =0 =1 =2 (=

m=-3 \/7s1n g e=3

m= -2 312571 sin § e~2¥ égi sin’ 0 cos 0 ¢~
m=-1 \/gsinHe""/’ 2 5inf cosfe¥ \/gsme 5cos? 0—1)
m=0 ﬁ fﬂ cosf \/5(3cos 6-1) \/Z(Scos 6 —3cosb)
m=1 - \/g sinfe™® | —/£sinf cosfe | — 2 sing 5 cos? 6 — 1) e
m=72 %125 sin’ 6 ¢ égfr sin” 6 cos 0 €%

Table A.1.: Spherical harmonics up to £ = 3.

A.2. Associated Legendre polynomials

Associated Legendre polynomials for £ > 0 and —¢ < m < ¢ are defined as derivatives of ordinary
Legendre polynomials

. Hym/2 d™ = ymiz dFm e
PR = (=" (1= )" P = 2 (1= ) o (- 1)) (A.6)
In contrast to associated Legendre polynomials, ordinary Legendre polynomials P,(x) are actual poly-
nomials. Associated Legendre polynomials for negative values of m are proportional to the corre-
sponding functions with positive m:

(-m!,
(€ +m)! P

P"(x) = (=1)" 7 (x) (A7)

The associated Legendre polynomials up to £ = 3 are listed in table A.2.

Derivatives of associated Legendre polynomials are linear combinations of associated Legendre poly-
nomials:
&—m+ 1)P£+1(x) — (£ + D)xP}'(x)

P (x) = — (A.8)

The prime denotes derivation with respect to the argument, i.e.

, - dPr(y)
PP (x) = C‘l;yy : (A.9)
y=x

Associated Legendre polynomials and their derivatives are even or odd functions:

Pgn(_x) — (_1)[+m Plg’l(x) Pzzl(_x) — (_1)£’+m+1 P};W(x) (AIO)
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Pr(x) | €=0] (=1 £=2 £=3
m=-3 2= VI =22(1 - x%)
m=-2 z(1-x%) zx(1 = x%)
m=-1 L vi=x2 | INT-2652 -1

Vi-x2
0 1 x —3(1-3x%) 2(5x° = 3x)
m=1 Va2 | -3xVI-22 | -3 VI-2(522-1)
m=2 3(1 - x%) 15x(1 — x%)
m=73 —15V1 = 22(1 = x?)

Table A.2.: Associated Legendre polynomials up to £ = 3.

For |x| > 1 the values of associated Legendre polynomials and their derivatives are real for m even and
pure imaginary for m odd:

P2"(x), P2 (x) € R P2 (x), P2V (x) € iR (A.11)

The generalization of associated Legendre polynomials to values of |x| > 0 is not unique as the square

root has two solutions. We use the convention V1 — x2 = +i Vx2 — 1 for |x| > 1. However, products
of associated Legendre polynomials and its derivatives are independent of this choice and are real or
pure imaginary:

PZ (%) P’;; (x)eR P’g "(x) PZ;'(x) €R P’;: (%) Pg;'(x) €iR (A.12)

With definition (A.6) associated Legendre polynomials can be written as a series

_1\yn 4 {+m
P?(x) — ( 1) (1 _x2)m/2 Z(_l)k (Z) d_x2€f2k’ (A13)

t £
2001 £ dxtem

where the derivative is given by:

Y I for k> &
dxt+m ) eemy o . (A.14)
Tt X ™ otherwise

For x > 1 the term k = 0 is dominant and we find the approximations

mey o GO w45 o (DT QROY

Pr = e O ™ = =™ (A1)
—iy"(20)!

Py = ) PO o (A.16)

2l -l —m)
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A. Special functions

5 T T T T T 5
— v=0 L — v=0
4 --v= % ' \ --v= % 4 4
—v=1 \ —v=1
=3 4} \ -v=3 3
=P —v= 2 —v=2 &
3 [ vt 11 -
1 1t 1
0 - -7~ X X e T 0
0 1 2 3 4 0 0.5 1 15 2 2.5
r X
(a) Bessel functions 7, (x) (b) Bessel functions K, (x)
Figure A.1.: Modified Bessel function a) of the first kind and b) of the second kind for
various values of v.
A.3. Wigner (small) d-matrix elements
With egs. (67) and (68) from [40], one can show
a @ +dl 0 = (1" |27,
ml el (+nee+n "
_ ! 2 2m 132"(005 0) __ —\8mNgy P;?’(f:os 0) (A7)
+1)R2L+1) sin 6 CC+1)2¢+1) sind
and
a @) —d, () = (1™ | 27,,0)
m,1 m,~1 e+ nEe+1H "
(-m)!  dP¥(cosO) VBN, , .
=-2 = P’ (cos 6) sin 6. A.18
\/€(f+1)(€+m)! do c+net+n ¢ (cos 6) (4.18)

Definitions and properties of Wigner small d-matrix elements are described in Refs. [4, 47].

A.4. Modified Bessel functions

The modified Bessel functions of the first kind 7, (x) and the modified Bessel function of the second
kind K, (x) are defined by

N ! x _rL®-1LW
W= X RO e (A1)
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A.5. Polylogarithms

T T T T T T T T T T T T T T T T T T T T T 104
10° — y=Ky@)
=0 ()]
N 10°
10
> | <
- 107*
10°
. 1 1078
10_3 1 " 1 " 1 " 1 1 1
2.5 5 7.5 10 12.5 15
x x
(a) Bessel function /3(x) and approximations (b) Bessel function K3(x) and approximations
Figure A.2.: Bessel functions a) /3/5(x) and b) K3/2(x), and approximations (A.21) and
(A22).
The modified Bessel functions satisfy the recurrence relations
2vI,(x) 2vK,(x)
Lo1(x) = Ly1(x) = ; ; Kyi1(x) — Ky-1(x) = xv . (A.20)
For |x] < 1 the modified Bessel functions may be approximated by
_ 1 x\” ) _ F(V) 2 ’ v+2
R (E) +0(x"*?), Ky ===~ +0(x"?), (A21)
and for |x| > 1 by
e 1 Vs 1
I = 1+0|-|l, K = ,/=—e"[1+0|-]|. A22
==l me= Rl a2

Fig. A.1 shows modified Bessel functions of the first and second kind for various values of v, Fig. A.2
shows the modified Bessel functions I3/, and K32, and its approximations.

A.5. Polylogarithms

Polylogarithms are functions that are defined by the power series
. SEd
Liy(x) = Z = (A.23)
k=1

and depend on a parameter s. The series converges for |x| < 1. The polylogarithms for s = 0 and
s = 1 can be expressed analytically:

Lio(x) = ﬁ Li;(x) = —In(1 — x) (A.24)
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A. Special functions

Figure A.3.: Polylogarithm for s = 2 and s = 3.

For integer orders of s polylogarithms can be expressed using the recurrence formula

Ligi1(x) = j(;x dt@. (A.25)
For x = 1 the polylogarithms reduce to the Riemann zeta function

Lis(1) = £(s). (A.26)
For x < 1 all summands in (A.23) but k = 1 can be neglected and we find the approximation

Liy ~ x. (A.27)

In Fig. A.3 we plot the polylogarithms Li, and Lis.
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B. Proofs and mathematical transformations

B.1. Normalization

In this section, we determine the normalizing constant A from the condition

w

ANV ! , w !

Inserting the identity operator yields

K, ' ¢, p' |k w,,p)= fd3R K, ¢, p'IR)RIK, w, ¢, p)

= AP 27)*6,6 (k = K') 6 (¢k. — ¢K])

2 ’ 72
= JAP 27,5 (K — k')5[,/% Sy % \/‘22 - kz], (B.2)

where we have used that the delta function is even.

In order to cast (B.2) in the form of (B.1) we have to rewrite the second delta function. We use the
identity

5x—x
GEIEDY |§i< ;) (B.3)

where x; are the roots of f(x). We find

w\ w2_2 ¢
f?)_Vc_Zk ¢

As w and «’ are non-negative, f has just one root at w/c = «’/c for ¢ = ¢’. For ¢ # ¢’ the function f
has no roots and the integral (B.2) vanishes. We therefore transform the delta function to

(5

e r(Y)- —2—-2 B.4)
c W _ 2 ck;,
CZ

ck,

(9 - ‘”—’). (B.5)
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B. Proofs and mathematical transformations

With (B.5) eq. (B.2) becomes

k
(K, ¢, p |k w, ¢, p) = AP 21) 6, 5.4 6 (k — K') %

-9
C C

’

! 0w w
=6,y 0pp O(k—K)o|— - —
pp' 997 O ) ( C P )
and the normalization constant A is given by

!
~ (2n)32

okl (B.6)

Z ‘

The constant A is only unique up to an arbitrary phase factor. We choose A to be real.

B.2. Commutation of 7, and M

The round-trip operator is invariant under arbitrary rotations around the z-axis, therefore it commutes
with the rotation operator R,(¢). The angular momentum operator is the generator of the rotation and
the rotation operator can be expressed as

R:(p) = exp (—=ipT>). (B.7)

It is sufficient to consider an infinitesimal rotation, because any finite rotation can be built from in-
finitesimal rotations. For an infinitesimal rotation the rotation operator simplifies to

R(6¢) = 1 - i6p (B.8)
and we can show that the round-trip operator commutes with the angular momentum operator

0 = [R.(6p), M] = (1 = ispT) M = M(1 - ibeJ) = idp [M, T-] (B.9)
=M, J.]=0. (B.10)

The z-component of the angular momentum is thus conserved during scattering processes, the round-
trip operator is block diagonal with respect to m

Mn=D)
M(w) = M : (B.11)

M(m+1)
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B.3. Determinants of block matrices

and each block M yields an independent contribution to the free energy

F = kBTZ Indet[1 - M(w)]_kBTZ Z Indet |1 - M™(w)|. (B.12)

n=0 m=-oco

B.3. Determinants of block matrices

Let A, B, C, D € C™" A € C, then it follows:

A B 1 B A" A B A B
det A = — det A = det = det (B.13)
i D A

In particular, it follows

A iB A -B
det L= det (B.14)
iC D C D
and
A -B A B
det = det . (B.15)
—C D C D

B.4. Equivalence of the matrix elements of CaNnaGuiER—DuranD et al.

At first glance the matrix elements (5.24)—(5.27) differ from those of CanaGuiER—DurAND et al. [10,
13], but the actual expressions can be rearranged into each other. We want to demonstrate this for the
matrix element M(T"g (E.E)¢e,-

We start with the matrix element of CaANaGUIER—DuRrAND et al. [10, 13]:

m 261 + 1 _ ok
MEE. By, = \| ooy (-im) f B La @)+ 09)] Y@, 0) ris e (B.16)

We can replace the sum of the Wigner d-matrix elements by an associated Legendre polynomial using
(A.17). We also write the spherical harmonic in terms of an associated Legendre polynomial and

" V8N, 200+ D1
MEFE)(E’ E)[lfz = lm ae, h ( ! )
VO + 1) 26 +1) \ L+ 1)

xf dkP (cos@ )Ngzm
0o k sinét  \hp

get:

P} (cos0") rrg et (B.17)

81



B. Proofs and mathematical transformations

Sine and cosine of the Wick rotated polar angle can be expressed by

—ick
sing* = —— cos 6F = . (B.18)
& &
After inserting in (B.17), cancelling and resorting, we find
. —2Ny¢,mN¢
M%?(E, E)flfz = lmzag] e
VOl + D) b6 + 1)
“dk ¢ KC KC\ _oer
X — = re P} [—=|P) |-— K=, B.19
I e (E)en ) B9
This can be rearranged to
(m) (m) mzé‘: * 1 m [ KC\ om KC\ ks
MTE (E, E)glg2 = Afﬂ’zaelT o dk@ I'TE Pt’l E sz —E e (B.ZO)

We see that (B.20) is identical to (5.24) for the TE mode.

B.S. BE’T?z,p foré -0

For ¢ = nT — 0 we may replace « by k, because

k= Vn2T? + 12 "=k, (B.21)

Also, we assume the Fresnel coeflicients to be independent of ¢ and k. Then, we can put r,, in front of
the integral and we obtain

o0 k k
B = ' f dk e 2P | — | P/ [ -— . (B.22)
12r (nT)3 Jy v \nT) 2\ nT

For nT — 0 the argument of the associated Legendre polynomials becomes large according to amount
and they can be approximated using (A.16):

-1 Or+m+1 (_\2m 2 1(2 ! 1 ti+0+1 00
B™ 1) (=)™ 26)1 %) ( ) f dke 2k 1+ (B.23)
0

Gt =P Q0RE (@ — D) (G = DI —m)! (6 —m)! \nT

The integral in (B.23) yields

°° {1 +£6)!
f dk e 2k O+t — M’ (B.24)
0 2(’1+[2+1

and after inserting we obtain

B o, (=D QIO () + 6)!
Glp TP 20020+1 (£ — 1)) (£ — D! (£ —m)! (£ — m)!

(B.25)
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B.6. Determinant of M (P, P) for& — 0

The diagonal block matrices thus become

€1+52+1 f]-fz
(m) o Am) m  _ =m) &0 pert (R nT' R
MOE, Eyy ey = A ag, B 1y = B A0 b (Z) ( - (B.26)
O +0+1 0>
(m) A m  _ =m) -0 perf (R nT R
MMMy = NS be B e =20 500000 (Z) () (B.27)
where we have defined the prefactor
D22 26)! (61 + 6)!
Z0m) _ A (=D 2! 20)! (6 + 6) (B.28)

Thh T T0G 20+041 () — 1) (6 — D (6 — m)! (6 —m)!

The prefactors ageorf and bgeorf have been defined in (3.35).

B.6. Determinant of M"(P, P) for & — 0

For n = 0 the Matsubara frequency &,-0 = nT = 0 vanishes. The matrix elements scale as M (P, Py, ~
A% where

TR
A= n 7 (B.29)
and the matrix looks like

al 0 an A1 e dip A7

an A ar 20 s dop An+2
M(m)(P, P) = . , (B.30)

R L M L TR M I i

apy A1 an a2z Ann 20

where q;; are coefficients that are independent of A.

Let us multiply the first row of the matrix by the factor 27!, the second row by the factor 1”72, - -,
and the second last row by the factor A'. As the determinant of a n X n matrix is a n-linear function,
multiplying a row or a column by a factor « alters the determinant by a factor . So we have to
multiply 271272 ... 27"* in order to keep the value of the determinant constant:

ap A1 ap A2 o a0
-1 ap; A an A" o apA°
det M(P, P) = | | 47" det : : (B.31)
= A1 1 A a2 ) A°
ap A7 ap "2 o ap A°
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B. Proofs and mathematical transformations

If we now multiply the first column by the factor 2”~!, the second column by the factor "2, ..., and
the second last column by the factor 4, the prefactor vanishes and we obtain:

ar a2 o Ain
az] az o aon
det M™(P,P) = det| DU (B.32)
ap-1,1 dp-12 "+ dp-1;n
Anl an2 Tt dpp

For this reason, the determinant is independent of A and thus also independent of & = nT.

B.7. Infinite series

For |g| < 1 the value of the geometric series is:
Z g¢=— (B.33)

By differentiating the left and right hand side of (B.33), and multiplying by the factor ¢ afterwards,
we obtain:

o) P q
D kd* = -7 (B.34)

Silmilarly, differentating two times and multiplying by the factor ¢° yields:

D e sy oy P (Chl: (B.35)
— I-9° & I-9

B.8. Scattering at a sphere and factor —2

The matrix elements for the scattering at the sphere are given by

(€, m,E|Rs |, m, E) = =2a,(w), (B.36)
(€, m, M| Rs | €,m, My = =2by(w). (B.37)

However, the appearance of the factor —2 is contrary to expectation. In this section, we will discuss
the reason for the appearance of the factor —2. The scattering of plane waves at a sphere is discussed
in Refs. [27, 30], however, we will only refer to [6] in our argumentation.
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B.8. Scattering at a sphere and factor —2

The problem of absorption and scattering of electromagnetic waves at a sphere is usually called
Mie scattering in literature. Usually, one considers a plane x-polarized wave that propagates in +z-
direction. Arbitrary incident angles and polarizations may be described by a rotation of the coordinate
system using Wigner-D matrices [4, 47].

The incident plane wave may be expanded in VSH

N 20+ 1
_ Z M gD e
El(R) = E[ (Mo,fl - lNe,fl) s Eg =1 E()m, (B38)
f=1

where Ej corresponds to the amplitude of the incident wave, M and N are VSH. These VSH, however,
differ from the VSH we introduced in section 2.4. The VSH M and N are defined in real space and
have a radial dependence. The superscript “1” denotes that the radial dependence is given by spherical

Bessel functions j;. Moreover, the VSH M and N are separated in even (e) and odd (o) functions, and
the value of m is non-negative. In the expansion (B.38) all terms but m # 1 vanish.

The expansion of the scattered wave is given by
E(R) = - ) E(bMS), - iariNS), ), (B.39)
=1

where the superscript “3” denotes that the radial dependence is given by spherical Hankel functions
of the first kind /.

Comparing (B.38) and (B.39) reveals that the sign in the matrix elements (B.36) and (B.37) is caused
by the definition of the Mie coefficients:

O _ 3)

RsNo s = —aeNg (B.40)
O _ 3)

RsM), = —bMO), (B.41)

However, the reason of the factor 2 is still unclear. Egs. (B.40) and (B.41) are no eigenvalue equations,
because the radial dependence for the incident and the scattered fields are different: The radial depen-
dence of the incident wave is given by spherical Bessel functions j,, while the radial dependence of
the scattered wave is given by spherical Hankel functions of the first kind hffl). So, the Hankel func-
tions hi,l) have to be converted to spherical Bessel functions j,. This is possible for different origins
and the factor 2 is due to this conversion [8].
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C. Numerical implementation

The numerical implementation raises serious numerical problems. Moreover, the implementation
is supposed to be fast in order to obtain results in tolerable time. However, fast code is often in
contradiction to readable code.

The implementation involves about 2400 lines of C code. In order to find errors and numerical prob-
lems at an early stage, as well as to prevent regressions, unit tests were used. Unit tests compare
the returned value of a function with the expected value. The expected values were calculated using
Maxima! or Wolfram Alpha?. In total, the unit tests cover

e 33 tests for Aémg ,
112

':(m)
22 tests for = 01ty

: (m) (m) (m) (m)
22 tests for the integrals A (6 B (162, C (s p® Dé,] bop?

45 tests for the Bessel function 7,

45 tests for the Bessel function K,

25 tests for the Mie coefficients a; and by,

1 test for the QR decomposition,

16 tests for the addition of numbers in the logarithm approach,
e 4 tests of Indet D™ (nT),
o 3 tests of 7.

Moreover, git was used as revision control system during the software development. Git helped more
than one time to find errors.

The numerical implementation is licensed under the terms of the GNU General Public License version
23 and can be downloaded from github®. Also, if the numerical implementation is useful to you, please
give me feedback and cosider to cite the implementation.

Thttp://maxima.sourceforge.net/
’http://www.wolframalpha.com/
Shttp://www.gnu.org/licenses/gpl-2.0.html
“https://github.com/michael-hartmann/Casimir
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